NONEXPANSIVE Z 2 -SUBDYNAMICS AND NIVAT'S 
CONJECTURE 



VAN CYR AND BRYNA KRA 

Abstract. For a finite alphabet A and r\: 7L — > A, the Morse-Hedlund Theo- 
rem states that r\ is periodic if and only if there exists n £ N such that the block 
complexity function P v {n) satisfies P v (n) < n, and this statement is naturally 
studied by analyzing the dynamics of a Z-action associated to r\. In dimension 
two, we analyze the subdynamics of a Z 2 -action associated to r\ : X 2 — ¥ A and 
show that if there exist n, k £ N such that the n X k rectangular complexity 
P v (n,k) satisfies P v (n,k) < nk, then the periodicity of n is equivalent to a 
statement about the expansive subspaces of this action. As a corollary, we 
show that if there exist n, k S N such that P v (n, k) < 255., then n is periodic. 
This proves a weak form of a conjecture of Nivat in the combinatorics of words. 



1. Introduction 

1.1. Periodicity and complexity. Given a finite alphabet A, if r\ £ A z is an 

infinite word, the block complexity junction Pri{n) is defined to be the number of 
distinct words of length n appearing in rj. The word r\ — (7? n )nez is sa id to be 
periodic if there exists an integer m £ N such that rj n — r\ n +m for all n £ Z. The 
classical Morse-Hedlund Theorem gives the relationship between these two notions: 

Theorem 1.1 (Morse-Hedlund [12J. The infinite word r\ £ A 1 is periodic if and 
only if there exists an integer n > 1 such that P v (n) < n. 

For 77 £ A 1 , the (m x . . . x n^) -block complexity function P^(ni, . . . , nj) is the 
number of distinct n\ x . . . x blocks occurring in 7/. Periodicity also has a natural 
higher dimensional generalization, and we say that the infinite word r\ = (773)s e z d 
is periodic if there exists a period vector, meaning a vector m £ *Z d such that 
Vn = rjft+m for all n£Z d . 

Nivat conjectured that there is a simple analog of the Morse-Hedlund Theorem 
in two dimensions: 

Conjecture (Nivat |13j). For rj £ A z , if there exist integers n, k > 1 such that 
Prj(n, k) < nk, then r\ is periodic. 

In a first step toward the conjecture, Sander and Tijdeman |17) showed that if 
there is some n such that P v {n,2) < 2n (or such that P T? (2,n) < 2n), then 77 is 
periodic. Soon after, Epifanio, Koskas and Mignosi [5] proved a weak version of 
the conjecture showing that if P n (n, k) < for some n and k, then r\ is periodic; 
Quas and Zamboni [14) improved the constant to jq. 
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Conversely, Sander and Tijdeman |15[ Example 5] found counterexamples to the 
analog of Nivat's Conjecture in higher dimensions: if d > 3 and n g N, there 
exists aperiodic 77 £ {0, 1} Z , depending on n and d, for which P v (n,...,n) — 
2n d ~ 1 + 1. This even rules out the possibility that an analog of Quas and Zamboni's 
Theorem holds for d > 3. The construction described by Sander and Tijdeman is 
a discretization of two skew lines in R d , and so does not provide a counterexample 
to Nivat's Conjecture in dimension two. 

As with the Morse-Hedlund Theorem, Nivat's conjectured relation between com- 
plexity and periodicity is sharp: the aperiodic coloring S £ {0, 1} Z with a 1 at (0, 0) 
and elsewhere satisfies Ps(n,k) = nk + 1 for all integers n,k > 1. In contrast 
to the Morse-Hedlund Theorem, the relation is not an equivalence. Berthe and 
Vuillon pQ and Cassaigne [6] gave examples of infinite 2-dimensional words 77 that 
are periodic, but whose block complexity satisfies Prj(n, k) = 2 n+k ~ 1 for all integers 
n, k > 1. 

Further partial results connected to Nivat's Conjecture and its generalizations 
are given in [TJ HI [71 [THl US] , and we refer the reader to [5] or [TO] for more extensive 
discussions. 

Our main result is an improvement on Quas and Zamboni's Theorem: 

Theorem 1.2. For r\ £ *4 Z , ij 'there exist integers n, k > 1 such thatP^n, k) < ^jr, 
then 77 is periodic. 

Our proof is dynamical in nature: we associate a Z 2 -dynamical system with 77 
and study its subdynamics to prove the periodicity of 77. 

1.2. Expansive subdynamics and the conjecture. Suppose A is a finite al- 
phabet; throughout we assume that \A\ > 1. In a classical way, we endow A with 
the discrete topology, A z with the product topology, and define a Z d -action on 
A z by (T u n){x) := i](x + u) for u G 7L d . With respect to this topology, the maps 
T u : X — > X are continuous. In a slight abuse, we omit the transformations T u 
from our notation, and let 0(rj) :— {T u n: u € Z d } denote the Z d -orbit of 77 £ A z 
and write X r] :— 0{rf). 

In this dynamical setup, we can rephrase periodicity. The statement that 77 is 
periodic is equivalent to saying that 1 d does not act faithfully on X v . A word 77 is 
doubly periodic if it has two non-commensurate period vectors, and for d = 2, the 
statement 77 is doubly periodic becomes X 1] is finite. 

To understand the dynamics of subactions in a Z d -dynamical system, Boyle 
and Lind [2] introduced the notion of expansiveness for subspaces of R d . The 
condition of expansiveness for a given Z d -action is open in each of the Grassmannian 
manifolds of W l and important dynamical quantities, such as measure-theoretic and 
topological directional entropy, vary in a controlled manner within each connected 
component of this set [5] ■ Boyle and Lind define a subspace V C M. d to be expansive 
if there exist an expansiveness radius r > and an expansiveness constant S > 
such that whenever x,y £ X satisfy 

d(T a x, T a y) < 5 

for all u with d(u, V) < r, then x = y. Any subspace that is not expansive is 
called a nonexpansive subspace. They showed that Z d -dynamical systems with 
nonexpansive subspaces are common: 
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Theorem 1.3 (Boyle and Lind [2]). Let X be an infinite compact metric space with 
a continuous Z d -action. For each < k < d, there exists a k- dimensional subspace 
ofM that is nonexpansive. 

When restricting to d = 2 and the context of X — X v , a simple corollary is that 
rj is doubly periodic if and only if every subspace of M 2 is expansive. (As throughout 
the paper, we mean this with respect to the Z 2 -action on X v by translation.) When 
there exist n, k G N such that P^(n, fc) < nk, the connection between expansive 
subspaces of M 2 and periodicity of rj goes deeper. We show: 



Theorem 1.4. Suppose rj £ A 1, and X n := 0{rf). If there exist n,k eN such that 
P n {n,k) < nk and there is a unique nonexpansive 1-dimensional subspace for the 
Z 2 -action (by translation) on X„. Then rj is periodic but not doubly periodic, the 
unique nonexpansive line L is a rational line through the origin, and every period 
vector for rj is contained in L. 

Thus Nivat's Conjecture reduces to: 



Modified Nivat Conjecture. If r) € A , X v := 0(rj), and there exist n, k £ N 
such that P v (n,k) < nk, there is at most one nonexpansive 1-dimensional subspace 
for the I 2 -action (by translation) on X^. 

Under a stronger hypothesis, on the complexity, we show that this holds: 



n 



Theorem 1.5. If rj £ A and there exist n, k £ N such that P v (n,k) < ^ , the 
there is at most one nonexpansive 1-dimensional subspace for the Z 2 -action (by 
translation) on X v . 



Theorem |1.2| follows immediately by combining Theorems |1.4| and |1.5| 
Summarizing, if rj £ A z and there exist n, k £ N for which P v (n,k) < nk, we 
prove that there is a trichotomy for the Z 2 -action by translation on X v : 



(i) No nonexpansive 1-dimensional subspaces. In this case, Theorem 1.3 
implies that rj is doubly periodic. 

(ii) A unique nonexpansive 1-dimensional subspace. In this case, The- 
orem [L4] implies that n is periodic, but not doubly periodic. 

(hi) At least two nonexpansive 1-dimensional subspaces. If one could 
show that this case can not hold, Nivat's Conjecture follows. In Theo- 
rem |1.5[ we show that this case is impossible if we strengthen the hypoth- 
esis on rj to the existence of n, k € N such that P^in, k) < 

1.3. Another reformulation of the conjecture. The proofs of Theorems |1.4| 



and 1.5 ultimately rely on the fact that if there exist n, k £ N with P^n, k) < nk, 
then the value of rjft can be deduced from information about the value of rj^ for in £ 
Z 2 that are nearby in an appropriate sense. Following Sander and Tijdeman |15j . 
we make the following definition: 

Definition 1.6. For S C Z 2 , let W{S,rj) := {(T s rj)\s: u £ Z 2 } be the set of 
distinct rj-colorings of S (or S-words) and define the rj-complexity function to be 

P n (S) :=\W(S,r))\. 

Note that this generalizes the definition of the complexity function P v (n,k) for 
rectangles. It is immediate that if T C S, then P n (T) < Prj(S). 
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If T C S and a £ W(T, 77), we say that a extends uniquely to an rj-coloring of 
S if there exists a unique (3 £ W(S, 77) such that f3 \j~ = a. 

We define a discrepancy function that measures the difference between the com- 
plexity of a set and its size: 

Definition 1.7. For 77: Z 2 — > A, the ^-discrepancy function D V (S), or just the 
discrepancy function D(S) when 77 is clear from context, is defined on the set of all 
nonempty, finite subsets of Z 2 by 

D V (S) := P V (S) - \S\ . 

The discrepancy function has the useful property (Lemma 2.1) that if S C Z 2 



and x £ S, then either D n (S \ {x}) < £>,,(£) or every 77-coloring of S \ {x} extends 
uniquely to an ?/-coloring of S . The discrepancy of any one element subset of Z 2 is 
\A\ — 1 > and the hypothesis of Nivat's conjecture is that there exists a rectangular 



subset of Z 2 whose discrepancy is non-positive. This implies (Corollary 2.5 ) the 
existence of a set 5cZ 2 with the property that for any x £ S, every 77-coloring of 
S \ {x} extends uniquely to an 77-coloring of S. 

In this terminology, the Modified Nivat Conjecture becomes: 



Modified Nivat Conjecture (second version). If r\ £ A , X n :— 0{rf), and 
there exists ann by k rectangular subset R of 'Z 2 satisfying D n (R) < 0, then there is 
at most one nonexpansive 1- dimensional sub space for the Z 2 -action (by translation) 
on X n 



1 ' 



Theorem 1.4 uses the set S to show that for all u £ Z 2 , the value of T u r\ along 
a strip depends only on its restriction to a particular finite set. Theorem 1.5 is 
more subtle. The stronger hypothesis on the complexity P v (n,k) allows us to 
show that nonexpansiveness gives rise to periodicity along strips (a more precise 



statement is contained in Proposition 4.8 1. When there are multiple nonexpansive 
subspaces, this forces 77 to be doubly periodic on large, finite subsets of Z 2 . We 
then complete the argument with an elaborate proof by contradiction by analyzing 
77 on the boundary of these subsets. 

1.4. A guide to the paper. Sections 2 and [3] develop tools for analyzing the 



nonexpansive subspaces of X„ . In Section 



we define r]-generating sets, which allow 



us to extend colorings to large regions, and prove a number of elementary lemmas 
establishing their existence and properties. In Section [3j we use this machinery to 
prove Theorem |1.4| Along the way, we provide a new proof of Boyle and Lind's 



Theorem (Theorem 1.3) adapted to our setting. The remainder of the paper is 
devoted to the proof of Theorem |1.5| In Section |4j we show how the stronger 
complexity bound assumed in Theorem 1 1 . 5| can be used to obtain additional control 
over the set of nonexpansive directions for X v and in Section[5j we use the machinery 
from Section [4] to complete the proof of Theorem 1J5 



2. Generating sets and periodicity 

2.1. Geometric notation and terminology. If R C M 2 , we denote the convex 
hull of R by conv(i?). A subset S C Z 2 is called convex if S = conv(S) nZ 2 , and we 
let dS denote the boundary of conv(6>). A boundary vertex of a convex set 5CZ 2 
is a point in dS n Z 2 which is a vertex of the convex polygon dS, and a boundary 
edge of S an edge of dS. We use V(S) to denote the set of boundary vertices of S 
and E(S) to denote the set of boundary edges of S. 
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If 5 C Z 2 is convex and conv(S) has positive area, our standard convention is 
that the boundary of S is positively oriented. When |<S| < oo, this orientation 
endows each w G E(S) with a well-defined successor edge, denoted succ(w) G E(S) 
and a predecessor edge, denoted pred(w;) G E(S). In the case that |«S| = oo, there is 
a unique w a G E(S) that does not have a predecessor edge and a unique G E(S) 
that does not have a successor edge. We extend the functions succ(-) and pred(-) to 
infinite convex sets in the natural way (leaving pred(w Q ) and succ(w w ) undefined). 
With these conventions, each w G E(S) inherits an orientation from the boundary 
of S, and so we make a slight abuse of the notation by viewing w G E(S) as both 
a set and an oriented line segment. Thus we can refer to an oriented line in M 2 as 
being parallel or antiparallel (or neither) to a given element of E(S). 

A convex set H c Z 2 is called a half plane if conv(H) has positive area and 
E(H) contains only a single edge. In this case, the unique boundary edge is a line 
in K 2 . Given v £ M 2 \ {0}, a u-half plane is a half plane whose boundary edge is 
parallel to v. If S C Z 2 is convex and v G M 2 \ {0}, then the intersection of all 
w-half planes containing S is a w-half plane whose boundary £{v, S) has nonempty 
intersection with dS. In this case, £(v, S) is the support line of S determined by v. 
Note that £(v,S) D conv(5) is either a boundary edge or a boundary vertex of S. 

We make use of two notions of size: 

(i) If S C Z 2 , then |<S>| denotes the cardinality of 5. 

(ii) If w C K 2 is a line segment, then ||io|| denotes the length of w. 

In particular, if S C Z 2 is a finite convex set and u; G E(S), then ||io|| is the length 
of w, while \w n <S| is the number of integer points on it. 
We denote the n by k rectangle based at the origin by 

R nM := [0,n-l] x [0,fc-l]. 

2.2. The discrepancy function and ?y-generating sets. We use the discrepancy 
function to derive a number of useful properties of functions rj G *4 Z satisfying 
P v (R n ,k) < rik for some n, k € N. 

Lemma 2.1. Suppose S C Z 2 is finite, convex, and \S\ > 2. J/ a; is a boundary 
vertex of S, then either every ri-coloring ofS\{x} extends uniquely to an rj-coloring 
ofS orD v (S\{x})<D v {S). 

Proof. If there is some ?y-coloring of <S \ {cc} that extends non-uniquely to an ry- 
coloring of 5, then P r) (5 \ {x}) < P V {S). Thus 

D V (S \ {x}) = P n (S \ {x}) - \S \ {x}\ < (P V (S) - 1) - (\S\ - 1) = D V (S). □ 

Motivated by Lemma |2.1[ we make the following definition: 

Definition 2.2. If S C Z 2 is a finite, convex set and x G S, we say that x is 
•q-generated by 5 if every ^-coloring of S \ {x} extends uniquely to an ?y-coloring 
of S. A finite, nonempty, convex subset of Z 2 for which every boundary vertex is 
generated is called an rj-generating set. 

Lemma 2.3. Suppose S C Z 2 is a finite, convex set and D^S) < 0. Let T be 
a minimal set (with respect to partial ordering by inclusion) among all nonempty 
convex subsets of S with discrepancy at most D n (S). Then T is an rj-generating 
set, andifyeV(T), D v (T\{y}) = D v (T) + l. 
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Proof. We proceed by contradiction. Let x G T be a boundary vertex that is not 
generated. Since any one element set has discrepancy \A\ — 1 > 0, T must contain 
at least two elements; in particular T \ {x} is nonempty. Furthermore, T \ {x} is 



convex and by Lemma 2.1 D r) (T\ {x}) < D n (T), a contradiction of the minimality 
of 7. 

For the change in discrepancy, note that any vertex y € T is generated and so 
P V {T) = P v (T\{x}). The statement follows since |T| = \T\{x}\ + 1. □ 

Remark 2.4. Many of our constructions assume that we have fixed a function 
77: Z 2 — > A, an 77-generating set S, and an edge w € E(S). It is often conve- 
nient to assume that the oriented line segment w points vertically downward. Such 
an assumption is not restrictive: if A £ GL2(Z), then A~ 1 (S) is convex and 

D vo a{A^ 1 (S)) = A,(<S). 

Therefore S is an 77-generating set if and only if A^ 1 (S) is an (77 o A)-gencrating 
set, and we have no change in the discrepancy. Since GL 2 (Z) acts transitively on 
directed rational lines through the origin in R 2 , in constructions that only rely on 
S being 77-generating, we can always make a change of coordinates such that w is 
vertical with downward orientation. 

Corollary 2.5. // S C Z 2 is a finite, convex set with i]-discrepancy d < 0, then S 
contains a (strictly decreasing) nested family of '77- generating subsets 

SiD . .. D S\ d \ +1 . 

Proof. Let 1S1 be a nonempty, convex subset of S which is minimal (with respect to 
inclusion) among all convex subsets having discrepancy at most d; such a set must 
exist because a one element subset of S has positive discrepancy. By Lemma |2.3[ 
Si is 77-generating and contains at least two elements (because it has nonpositive 
77-discrepancy). 

Suppose that for some i < \d\ + 1, we have constructed ry-generating sets S\ D 
S 2 D ...DS t such that D V (S 3 ) = D n (S) + j - 1 for all 1 < j < i. Let x l € V(S t ) 



and set S t := S t \{x t }. Then by Lemma 2.3 D n (Si) = D v (Si) + l = D^ + i < 



We can then pass to a subset Si + i of Si which is minimal among a ll su bsets of 



Si that have discrepancy at most D n (Si), and note that by Lemma 2.3 <S; + i is 
regenerating. This process continues for at least \d\ + 1 steps. □ 

Corollary 2.6. Suppose that S C Z 2 is a finite, convex set with rj- discrepancy 
d < 0. For any i e N and any x\,...,Xi € S such that S \ {x\, . . . , x{\ is convex 
and nonempty, we have that D^S \ {x±, . . . ,Xi}) < _D^(5) + i. 

Proof. If Xj is not regenerated, then by Lemma 12.11 the discrepancy does not in- 



crease when it is removed. If Xj is 77-generated, then by Lemma 2.3 the discrepancy 



increases by exactly one. □ 

This corollary becomes relevant in our constructions: if we know that D V (S) < 0, 
we are free to remove any 11)^(5)1 elements from S and are guaranteed that the 
resulting set contains an 77-generating subset (provided it is convex). 

A key fact about the discrepancy function which is crucial in Sections [4] and [5] is 
the following: 

Lemma 2.7. Suppose that S d 71? is a convex 77- generating set for which every 
nonempty proper subset has strictly larger rj- discrepancy and let w £ E(S). If 
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S \ { w } 7^ 0; then there are at most \w DS\ — 1 rj-colorings of S \ {w} that extend 
non-uniquely to -q-colorings of S. 

Proof. D v {S\{w}) > D n (S) (by assumption) and |<S\{w}| = |<S| — |wfl<S|. So, 
P V (S \ {w}) > P V (S) — \wf)S\. On the other hand, there are no more than 
P n (S) — P V (S \ {w}) distinct //-colorings of S \ {w} that extend non-uniquely to an 
^-coloring of S. □ 

Lemma 2.8. Suppose that S C Z 2 is a finite convex set and there are two edges 
Wi,W2 £ that are antiparallel. Then any line parallel to w\ that has nonempty 

intersection with S contains at least Tami = i^{\vJi fl S\ — 1} integer points. 

Proof. Without loss of generality, suppose that |u>i n <S| < |w2H<S|. If £ is a 
line parallel to w\ that has nonempty intersection with S, then by convexity 
\\£ P\ conv(<S)|| > \\wi\\ (recall that || • || denotes the length of a line segment in 
R 2 ). The distance between any two consecutive integer points on I is the same as 
the distance between two consecutive integer points on the line determined by u>i, 
since the two sets differ only by a translation taking the integer points on one to 
the integer points on the other. Since the distance between \wi CiS\ integer points 
on a line parallel to I is exactly ||wi||, any interval in I of length at least must 
contain at least \w\ n S\ — 1 integer points. In particular, £C\ conv(S) does. □ 

We finish this subsection with two quick applications of generating sets. The 
first is a relation that we use in the sequel to eliminate irrational nonexpansivc 
directions: 

Lemma 2.9. If -q: 1? — >• A and there exist n, k e N such that P v (n,k) < nk and 
Let 2 is an irrational line through the origin, then L is expansive on X v . 

Proof. Let S be an ^-generating set. Choose an expansiveness radius r > such 
that S is contained in the set 

U := {u: d(u, L) < r}. 
Let i be the support line of S in direction L and let w = S n I € V(S). Define 

ves\{v} 

Since S is finite, c > 0. 

We claim that determines all of 77. If not, set 

d := inf{<i(y, L) : rj\u docs not determine rj(y)}. 

Then d is finite (or we are already finished) and d> r. Defining Ur = {u: d(u, L) < 
R}, then rj\jj determines rj\ij dn where d' is either d— c/2, when this is positive, or 
d/2, otherwise. Choose 1/eZ 2 such that d(y, L) < d + c/4 and such that rj(y) is 
not determined by r]\jj. Translating S, we can assume that w — y. Then there are 
two possibilities. The first is that S \ {y} C Ud> , and then since S is 77-generating 
we have a contradiction. Otherwise, S \ {w} fl Ud> = 0, and then replacing L in the 
proof by its opposite orientation, the same argument leads to a contradiction. □ 

The second application relates to entropy: 

Definition 2.10. Suppose r/: Z 2 — > A and S C Z 2 is finite. Define 

X s {v) ■= {/: -> A such that W{S, f ) = W(S, V )} 
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to be the Z 2 -subshift of finite type generated by the S-words ofrj. (In more common 
terminology, if Fg :— A s \ W(S,i]) is the set of all iS words not occurring in n, 
then Xs(rj) is the Z 2 -subshift of finite type whose set of forbidden words is F$.) 
An (S,rj)- coloring of a set T C Z 2 is any function of the form {f\j~: f £ Xs(i])}. 

Lemma 2.11. Ifrj: 1? — > A and there is an rj- generating set S C Z 2 ; then for any 
finite S' 3 S the Z 2 -dynamical system (Xg/(r]), {T u }ff eZ 2) has topological entropy 
zero. 

Proof. Choose n, k £ N such that S' C R n ^. Then for any n' > 2n and k! > 2k, 
the function ri\j}, is determined by is restriction to the set 

[0, n' - 1] x [0, k' - 1] \ [n, n' -n]x [k, k' - k}. 
So P n {R n >, kl ) < \ A \^ k '+^'-±nk and 

lim — \^ log P v (R n ^ n/ ) = 0. 

n'-i-oo [n 'y 

□ 



Remark 2.12. In dimension one, the analog of Lemma 2.11 holds and leads to (an- 
other) proof the Morse-Hedhmd theorem: a one-dimensional subshift of finite type 
either has positive entropy or every element is periodic. In dimension two, there are 
zero entropy Z 2 -subshifts of finite type that do not contain any periodic elements. 



Thus Lemma 2.11 serves as an indication that generating sets are dynamically 



interesting, rather than providing an approach to Nivat's conjecture. 

2.3. Ambiguous half planes and periodicity. In this section, we develop a 
relationship between the notions of nonexpansivity and periodicity. The main result 



is Lemma 2.18 To state and prove the lemma, we start with some terminology. 



Definition 2.13 (Ambiguous extension). If S C Z 2 , 71 C T2 Q Z 2 , then a coloring 
/ € Xs(r/) is (<S, Tx,T2,rj)-arnbiguousii there exist (71,52 G Xs(n) such that gi\% = 
92 t71 = / but gi \f 2 ^ g 2 \j~ r 

Ambiguity becomes especially interesting when T2 D 71 is produced in some way 
by 71, and this is captured in the following definition: 

Definition 2.14 (Enveloping set). If v\, . . . , v n £ Z 2 \ {0} is a collection of vectors, 
we say that a convex set T C Z 2 is {v\, . . . , v n } -enveloped if for every w £ E(T), 
there exists i £ {1, . . . , n} such that w is parallel to An enveloping set for T is 
a set of vectors that envelops it. A minimal enveloping set for T is a collection of 
vectors that envelops T and such that no proper subset suffices. 

Given a convex region, we define an extension over an edge of the region (it may 
help to refer to Figure [l] while reading this definition). The definition splits into 
several cases depending on the type of edge: 

Definition 2.15. Suppose T C Z 2 is convex, conv(T) has positive area, and each 
w £ E(T) determines a rational line in R 2 . 

(i) Suppose w points vertically downward. Without loss of generality, assume 
it is a subset of the y-axis. 
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(a) If w has both a successor edge and a predecessor edge in E(T), choose 
a,b,c,d e Q such that pred(w) C {(x,y) e R 2 : y = ax + b} and 
succ(w) C {(x,y) e R 2 : y = cx + d}. If there is an integer A < 
such that cA + d < aA + b and cA + d, aA + b e Z, then for maximal 
such A, we define the w-extension Ext TO (T) ofT to be the set 

Ext u ,(T) :=TU {(x,y) e Z 2 : cx + d < y < ax + b, A < x < 0} . 

If no such A exists, we define Ext„,(T) :— T. 

(b) If w has a successor edge but does not have a predecessor edge, choose 
c, d € Q such that succ(w) C {(x,y) e R 2 : y = cx + d}. Choose 
maximal A < such that cA + d € Z. Then we define the w-extension 
Ext u ,(T) o/T to be 

Ext„,(T) := T U {(x,y) e Z 2 : cx + d < y, A < x < 0} . 

(c) If w has a predecessor edge but does not have a successor edge, choose 
a, b € Q such that pred(w) C {(x,y) ^ R 2 : y = ax + b}. Choose 
maximal A < such that aA + b £ Z. Then we define the w-extension 
Ext™ (T) of T to be the set 

F,xt w (T) :=T U {(x, y) e Z 2 : y < ax + b, A < x < 0} . 

(ii) If w does not point vertically downward, let A e Gi 2 (Z) be such that 
Aw points vertically downward. Wc define the w-extension of T to be 
A^ 1 (Ext tu (AT)) . (Note that this set does not depend on the choice of A.) 
It follows that Ext u ,(7~) is a convex, B-enveloped set containing T, and may be 
T itself. If Extu,(T) strictly contains T, then there is a finite collection of lines 
t\ , . . . , £ m such that 

• ti is parallel to w for all i; 

• £ i fl (Ext„,(T) \ T) is convex for all i; 

• we can decompose Ext^T) \ T as the disjoint union: 

Ext w (T) \r=\J(e t n Ext w (T)) . 

i=l 

In this case, to is called the depth of the extension. For 1 < j < to, 

3 

Tu |J (^nExt w (T)) 

is the (w, j)-subextension of T (note that the (u>, j)-subextension may not be B- 
enveloped). The (w, 0)-subextension of T is T itself. 

Definition 2.16. Suppose S,T C Z 2 arc convex and w e E(T). If Ext u) (T) 7^ T 
and if / G X 5 (^), we say that /|"7" is (S,w,n)- ambiguous if it is (T, Ext tu (T), rj)- 
ambiguous. 

Suppose H is a half plane and w e E{H) is its unique boundary edge. If 
/ € Xs(n), we say that /f^y is (5, 77)- ambiguous if it is (<S, w, ?7)-ambiguous. 

Definition 2.17. If T is a convex set, S C T is convex, and w € E(S) is parallel 
to an edge w e E(T) 1 let V^r,™ be the set of translations that take S to a subset 
of T such that the edges parallel to w overlap: 

V s ,t.w = {v E Z 2 : (S + v) C T, (w + v) C w} . 
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FIGURE 1 . T is the set of integer points enclosed by the solid lines. 
If w points vertically downward, then Ext U) (T) is enclosed by the 
dashed lines and the nonvertical solid lines. The set Ext tu (T) \ T 
decomposes into six vertically aligned sets which determine the 
subextensions. The depth of the extension is six. 



There exist vectors as,T,w,bs,T,w € ^ 2 such that 

Vs,t,w = {as,T,w + ^b Si r,w : A S /}, 

where 

'{0,1,...,\V s ,t, w \-1} if|H<oo; 
I = < NU {0} if w is a semi-infinite line; 

1 if w is a line. 

v 

Let J m in, I max be the minimum and maximum elements of /, respectively (allowing 
Imin = —oo and 7 max = +oo if necessary). Then the (S, w)-border of T is the set 

U ( S + v)- 

For jeN, the g-interior of the (S, u;)-border is the set 

U (S + a s 

,1~.W 

A=/ mi „+ S 

We show that ambiguity is a source of periodicity: 

Lemma 2.18. Suppose rj: 1? — >• A, S C Z 2 is an ^-generating set and there exist 
antiparallel W\,W2 € E(S). Suppose \w\\ < \w 2 \, H is a uii-half plane, and the 
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restriction of f € Xs(r)) to H is (S,tj)- ambiguous. Then the (S \ {wi},u>i) -border 
of H is periodic with period vector parallel to W\. Its period is at most \w\ PI «S| — 1. 



Proof. Without loss of generality (see Remark 2.4), we assume that w\ and u>2 are 
vertical, and ui\ points downward. Let h := |u>i n S\ — 1 and for each vertical line £ 
with nonempty intersection with S, let xg denote the bottom-most element of £nS. 
By Lemma [2~51 



h-l 

T := |J {x e + (0, i)e1 2 : £ vertical, £ n S ^ 0} C S. 

i=0 

Define S := S \ {w\}, T :— T \ {w\\, and fix a vector u e Z 2 such that T + u is 
contained in the (S, Wi)-border of H. 

We claim that for any A € Z, the ^-coloring of S 1 given by /I5 4. _|_ (0, A) nas 
at least two extensions to an 77-coloring of S. Instead, suppose not. Then the 
coloring f\jj uniquely determines the ^-coloring of H U {S + u + (0, A)}, which 
in particular determines the ^-coloring of all but one of the elements of the set 
S + u + (0, A + 1). Since S is 77-generating, this uniquely determines the 77-coloring 
of H U (<S + u + (0, A + 1)). Now for i > 0, suppose the 77-coloring of 

H U {S + it + (0, A + j) : < j < 1} 

has been determined. Then the 77-coloring of all but one of the elements of the set 
S + u + (0, A + i + 1) is determined. Since S is 77-generating, this determines the 
77-coloring of H U {S + u + (0, A + i + 1)}. By induction, this holds for all i > 0. 
Similarly for all i < 0. But this contradicts the ambiguity of the 77-coloring of H. 

Recall that since S is 77-generating, D V (S) > D V (S) and so P V {S) > Prj(S) — 
\wi H<S|. Therefore, the number of 77-coloring of S that do not uniquely extend 
77-colorings of S is at most h = \w\ n S\ — 1. In particular, there are at most h 
77-colorings of T that arise as the restriction of / to a set of the form T + u + (0, i), 
where i £ Z. 

Define a color set A whose colors are 77-colorings of {xg : £ is vertical, £ n S 7^ 0} 
occurring as the restriction of / to a set of the form 

Bi := {x e : £ is vertical, £ n S ^ 0} + u + (0, i), 

where ieZ. Define g: Z — > A by g(i) = /t_B r Then the (one-dimensional) block 
complexity P g (h) is the number of 77-colorings of T occurring as the restriction of 
/ to a set of the form T + u + (0, i). But we have shown that P g (h) < h. By 
the Morse-Hedlund Theorem, g is periodic with period at most h. The result now 
follows from the definition of g. □ 

The proof of Lemma f 2 . 1 8 1 holds in a slightly more general setting, and we make 
use of these forms in Section |4j Corollary |2.19| generalizes the result to the case of 



a more general convex set instead of a half plane, and Corollary 2.20 replaces the 
assumption that S is 77-generating with a more general condition. 

Corollary 2.19. Suppose 77: Z 2 — > A, S C Z 2 is an 77- generating set, and there 
are antiparallel w\,w% € E(S). Suppose \wir\S\ < |w2n5|, T is a convex set 
containing S , and there is some ibi € E(T) that is parallel to Wi and sufficiently 
long such that Ext^ (T) ^ T. 
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If f G Xs(ri) and f\f is (T,w,r])- ambiguous, then there is some j, between 
and the depth of the w-extension ofT, such that the restriction of f to the \w\ C\S\- 
interior of the (S\{wi},Wi) -border of the (u>, j)-subextension ofT is periodic with 
period vector parallel to ui\ and of period at most \ui\ f~l S\ — 1. 

Proof. Choose the integer j to be the index of the largest (u>, j)-subextension of T 
to which the 77-coloring of T, given by f\f, extends uniquely. Thereafter, the proof 
is identical to that of Lcmma[2T8| except that the application of the Morse- Hedlund 
Theorem is to a finite (or semi-infinite) interval in Z instead of to Z itself. □ 

Corollary 2.20. Suppose r\: Z 2 — > A and 5cZ 2 is a convex set for which 

• There exists w £ E(S) such that for any line £ parallel to w that has 
nonempty intersection with S, we have \£ n S\ > \w f~l S\ — 1; 

• The two endpoints of w are rj-generated by S; 

• D v (S\{w})>D v (S). 

Then under the hypotheses of Corollary \2.1S\ with the assumption that S is r\- 
generating replaced by the conditions listed above, the conclusion of Corollary \2.19\ 
holds. 



Proof. The proof is the same as that of Lemma 2.18 as these assumptions on S 



are the only ones that were used. □ 

3. Rigidity, shiftability, and periodicity 
3.1. Rigid directions. Suppose that 77: Z 2 — > A satisfies D v (R n ^) < for some 



n, k € N. By Corollary 2.5 there is an 77-generating subset S C R n ,k- A half 
plane cannot have an (S, ^-ambiguous coloring unless the unique boundary edge is 
parallel to an edge of 5, as otherwise we can use S to extend the coloring uniquely 
to a larger half-plane. However S may not be uniquely determined (and by Corol- 



lary 2.5 it is not unique if the discrepancy is strictly negative) and so a w-half plane 
cannot have an (S, ^-ambiguous coloring unless every 77-generating subset of R n .k 
has an edge parallel to v. This motivates the following definition: 

Definition 3.1. Suppose that rj: Z 2 — > A, £ C 1R 2 is a rational line through the 
origin and A E GL 2 {'£) maps the y-axis to £. For a, b £ N, we say that I is n-shiftable 
with parameters (a, b, A) if every (77 o ^4)-coloring of [0, a] x [—6, b] extends uniquely 
to an (77 o j4)-coloring of [0, a] x [— fo, b] U {(—1, 0)}. A rational line is n-shiftable if 
there exist a, b £ N and A 6 GL2CZ) such that it is 77-shiftable with parameters 
(a, b, A), or just shiftable when 77 is clear from the context. 

A rational line through the origin which is not shiftable is called n-rigid, or just 
rigid when 77 is clear from the context. We can also refer to a vector v G Z 2 \ {0} as 
being shiftable or rigid, meaning that the span of v is shiftable is shiftable or rigid, 
respectively. 

Although the jy-axis seems to play a distinguished role in the definitions of 



shiftable and rigid, the choice of this direction is arbitrary (see Remark 2.4). 

The notion of shiftability, and more importantly rigidity, are one sided versions 
of expansiveness and nonexpasiveness used in Boyle and Lind More precisely, 
shiftability is a property of a directed line, while expansiveness is a property of a 
line; a line is expansive when both possible orientations of the line are shiftable. 
They play a similar role, allowing an extension of given information in a region to 
a larger region. 
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Lemma 3.2. Suppose 77: Z 2 — > A and D n (R n ,k) < for some n,k € N. If 
S C i? rlj fc is on 77- generating set, then a rational line £ through the origin is rj-rigid 
if and only if there exists an (S,r])- ambiguous £ -half plane P. 

Moreover, there exist f,g € 0(rj) such that the restrictions of f and g to the half 
plane P coincide, but they differ on its (-extension. 

Proof. If there is an (5, ?7)-ambiguous ^-half plane, then £ must be rigid; otherwise 
^-expansivity and the fact that S is a generating set contradicts ambiguity of the 
half plane. Conversely, if £ is rigid and A £ GL2CZ) maps the y-axis to £, then for 
every a, b G N there is an (77 o A)-coloring of [0, a] x \—b, b] that has two extensions 
to an (770 A)-coloring of [0,o] x [-b,b] U {(-1,0)}. Let f a ,g a G 0(770 A) be two 
such extensions of [0, a] x [—a, a]. By compactness, there exist accumulation points 
f,g € 0(77 o A) for the sequences (/„) and (g n ), respectively. Then f\H Q = 9\H : 
but f\H-i 7^ SLH-r Applying A -1 to this half plane gives the result. □ 

The following simple lemma is used to limit possible directions of periodicity: 

Lemma 3.3. Suppose 77: Z 2 — > A and there exist n, k € N smc/i £/iaf P-q{R n ,k) < ^fc- 
7/5 is a??, rj-generating set, then for any rj-rigid direction £, there is a boundary edge 
W£ G E(S) parallel to £. 

In particular, £ can be translated such that it intersects R n ,k in at least two 
places. 

Proof. Suppose S C R n ^ is an 77-generating set but any translation of £ intersects 
S in at most one place. Choose a translation of £ which intersects S at a vertex, and 
without loss of generality assume this translation of £ intersects S at the origin. Let 
A G GL2CZ) be a map taking the y-axis to £. Choose an (A~ 1 (S), 770 A)-ambiguous 
coloring of H := {(x, y) G Z 2 : x > 0}. Notice that 

^- 1 (5)n{(0,y):yGZ} = (0,0). 

Since (0,0) G A^ 1 {S) is 77 o yl-generated, there is a unique extension of any 77- 
coloring of Ho to an 77-coloring of {(x,y) G Z 2 : x > —1}. This contradicts the 
(A^ 1 (S), rj o A)-ambiguity of the coloring of Ho- □ 



Combining this lemma with Lemma 2.9 we have: 



Corollary 3.4. Suppose 77: Z 2 — > A and there exist n, k G N such that P n (R n ,k) < 
nk. If L is a nonexpansive lines for X v , then there exists a translation of L that 
intersects R n ,k H Z 2 in at least two points. 

3.2. A characterization of double periodicity. 

Lemma 3.5. Suppose V\,...,v m G Z 2 \ {0}. Given n G N, there exists A — 
A(n,v\, . . . ,v m ) G N such that any finite, convex S C Z 2 containing at least A 
integer points and such that dS is (v\, . . . ,v m )- enveloped, has a boundary edge that 
contains at least n integer points. 

Proof. For each i = 1, 2, ... ,m choose a length Li G K such that any rational line 
parallel to Vi of length at least Li contains at least n integer points. Define 

[ (L! + --- + L m ) 2 l 

A := + 777,77. 

47T 
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By Pick's Theorem, the area of conv(S) is given by 

fu t . . . . . ., , ,v. (# of integer points on dS) 

(# of integer points inside conv(oj) H 1. 

Since S contains at least A integer points, either the number of integer points on 
dS is at least mn or the area of conv(5) > ^{L\ + • ■ ■ + L m ) 2 . In the former case, 
at least one of the edges of dS contains n integer points. In the latter case, the 
isoperimetric inequality implies that the length of dS is at least L± + - ■ ■ + L m , and 
so at least one of the edges contains n integer points. □ 

Lemma 3.6. Suppose rj: Z 2 — » A andS C Z 2 is a finite, convex set whose boundary 
edges are labeled w±, . . . , w n where WJj+i = succ(w;) for all i = 1, . . . , n (indices are 
taken mod n). Assume that there exist a, b, c, d £ Q such that 

• a > 0, c < 0, d > b; 

• w\ is vertical; 

• w n is parallel to the line y = ax + b; 

• W2 is parallel to the line y = cx + d. 

If the two endpoints of w% are rj-generated by S, then any (r],S)- coloring of the 
region 

K := {{x, y) G Z 2 : cx + d < y < ax + b, x > 0} 

and of any \w\ D S\ — 1 consecutive integer points of the line segment {(— l,y) € 
Z 2 : d < y < b} extends uniquely to an (S,rj)- coloring of 

{(x, y) € Z 2 : cx + d < y < ax + b, x > —1}. 

It is important to note we make no assumption that the lines y — ax + b or 
y = cx + d intersect the line x = —1 at an integer point. 

Proof. Let h := \wi n S\ — 1. Suppose we know the 77-coloring of the points (—1, y — 
h+ 1), . . . , (—1, y) for some y < b — a — 1. Let v £ Z 2 be the translation that takes 
the top most element of wi to the point (— l,y). Since y + 1 < b — a, the line 
through (—l,y + 1) parallel to w n is in the region {y < ax + b}. Since S is 
convex and w n is parallel to y = ax + b, we have that S + v lies in the region 
K U {(-1, y-h + 1),..., (-1, y + 1)} (see Figure^. 

Since the endpoints of w\ are //-generated by 5, the color at T)(—l, y + 1) can be 
determined by the restriction of r\ to the rest of the elements of S + v. Continuing 
inductively, the (<S, ^-coloring of the region 1Z U {(—1, y — h + 1), . . . , (—1, y + 1)} 
extends uniquely to an (S, 7/)-coloring of 1Z U {(—1, y — h + 1), . . . , (—1, [b — aj)}. 

A similar argument shows we can uniquely extend the (5, ^-coloring of the 
region 1Z U {(— 1, y — h + 1), . . . , ( — 1, [b — a\)} to an (5, r?)-coloring of the region 

ftu{(-i,rd-cl),...,(-i,|&-o])}. " □ 

Corollary 3.7. Assume that 77: Z 2 — > A and S C Z 2 is a finite, convex set whose 
boundary edges are labeled w%, . . . , w n where w i+ i = succ(wi) for i = 1, . . . ,n (in- 
dices are taken mod n). Suppose that T is a convex, {w±, . . . , w n }-enveloped set 
and that T is the w\-extension of T ■ Then any {jj,S)- coloring of T and of any 
\w\C\S\ — 1 consecutive integer points on each line parallel to w\ that has non- 
empty intersection with T\T extends uniquely to an rj-coloring of 1~ . 

Proof. After a linear change of coordinates mapping w\ to the vertical direction, 
this follows by repeated applications of Lemma |3.6| □ 
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Figure 2. The dotted points in Z 2 denote the region on which 
the coloring is known. The color of the topmost element of Wx + v 
(denoted by the open circle) can be deduced from the coloring of 
the rest of S + v. 



This leads us to necessary and sufficient conditions for double periodicity, a result 



that can be derived from Boyle and Lind's Theorem (Theorem 1.3). We include a 
complete proof, as we need further information that can be derived from the finer 
notion of shiftability, as opposed to expansiveness. In particular, techniques of the 
proof are also used to understand the case of a unique direction of expansivity 



(Theorem 1.4). 



Theorem 3.8. The coloring rj: Z r — > A. is doubly-periodic if and only if there exist 
n,k G N such that P^iRn.k) < nk and r\ has no rigid directions. 

Proof. Assume that r\ is doubly periodic and assume that it has vertical period 
n and horizontal period k. Then for every a, b G N, P n (R a .b) < nk. In partic- 
ular, -D,)(-Ri,nfc) < and D 71 (R n k : i) < 0. By Corollary 2.5 Ri :7l k contains an 
^-generating set S and R n k,i contains an ^-generating set T . If £ is any rational 
line, then at least one of S and T is not parallel to i. Since S and T are generating, 
I is shiftablc. 

Conversely, suppose that D v (R nt k) < and r] has no rigid directions. Fix an 
^-generating set S C R n k and enumerate the edges of dS as Wi, . . . ,w m where 
Wi + i = succ(wi) for all i (indices are taken mod m). 

Since none of the lines determined by W\, . . . ,w m are rigid, we can choose pa- 
rameters a±, ■ ■ . , a m , b m G N and A\,..., A m G GL 2 (Z) such that the line 
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determined by uii is (<S, 77)-shiftable with parameters (aj,6j, Ai). For i,j such that 
Wi and Wj are neither parallel nor antiparallel, let O^j € (— 7r,7r) \ {0} be the angle 
between Wi and Wj and let Ci be the length of the orthogonal projection of (1, 0) 
onto the direction determined by Wi. Let 



N = y (2bi + diCi) + max 

2 — 1 



tan 6,- 



m 



Ekn5| 



s=i 

Any triangle formed by lines parallel to the edges of S that has an edge Wi of length 
at least N must have a non-empty (S, u>i)-border, where 

B = Ar 1 ([0,a i + \w i nS\ - 1] x [-&*,&*]). 

In particular, any 77-coloring of this triangle uniquely determines the color of at least 
\wi nS\ — 1 consecutive integer points on its wi-extension (the choice if starting 
with u>i is arbitrary and we could have begun with any other edge) . Now suppose T 
is convex, {u>i, . . . , w m }-enveloped, and one of its boundary edges is parallel to W\. 
If this edge contains at least N integer points, then by Corollary |3.7| any 77-coloring 
of T extends uniquely to an 77-coloring of its wi-extension. 

By Lemma 3.5 there exists a € N such that any convex, {w\, . . . , w ra }-enveloped 
set that contains at least a integer points has a boundary edge that contains at 
least N integer points. Let Tj° be such a set. Choose a boundary edge w 1 that 
contains at least N integer points. Repeating the same argument as in the preceding 
paragraph, the 77-coloring r)\jz extends uniquely to the w 1 -extension of TJ°. Call 
this extension 7^°. Inductively, we construct sets 

7? c r 2 ° c • • • 

and edges w J € E(7j l ) such that contains at least iV integer points and 7f +1 is 
the u;-? -extension of 7~° . Again, applying the same argument, any 77-coloring of 7~° 
extends uniquely to an 77-coloring of T® +1 and hence to {}■ ■ 

Set Ti 1 := U 7/ and observe that 7? is convex, {wi, . . . , 7« n }-enveloped, and 
a minimal enveloping set for T\ contains strictly fewer vectors than a minimal 
enveloping set for 7^°. If Ti — Z 2 , then the construction halts. If not, we continue 
inductively, defining sets 

7?c7?c--- 

and edges w{ € E(J~1) that contain at least TV integer points and such that 
is the Ti^-extension of 7" 1 . Let T 2 = \JjT^. Again, any 77-coloring of 7^° extends 
uniquely to an 77-coloring of TJ 2 . Moreover 7^ is {wi, . . . , ?i> n }-enveloped and has 
strictly fewer elements in a minimal enveloping set than T\ did. Thus we define 
convex set Ti C 7^ 2 C • • • C T{ with all of these properties. After at most n steps, 
T{ = Z 2 , and any 77-coloring of the finite set l~i extends uniquely to an 77-coloring 
ofZ 2 . 

Since the function T"?7 is uniquely determined by T u (rf) \^ and there are only 
finitely many 77-colorings of 7^, the Z 2 -orbit of 77 is finite. □ 



3.3. Single periodicity. We have now developed the tools to prove Theorem 1.4 
We recall the statement for convenience: 



Theorem (Theorem 1.4). Supposerj^A and X v :— O(rj) . If there exist n,k G N 
such that P v (n, k) < nk and there is a unique nonexpansive 1- dimensional subspace 
for the 1? -action (by translation) on X v . Then 77 is periodic, but not doubly periodic, 
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the unique nonexpansive line L is a rational line through the origin, and every period 
vector for rj is contained in L. 

We first define: 

Definition 3.9. If S C Z 2 and (a, b) £ Z 2 , the (a, b)-diameter of S is the number 
of distinct rational lines parallel to (a, b) that have nonempty intersection with S. 
We denote this by diani( a )b \ (S) . 

Proof. We adopt the same notation for S, w-y, . . . , w n £ E(S), and a, N £ N used 
in the proof of Theorem |3.8| 

We note that by Theorem |3.8| 77 is not doubly periodic. Moreover, by Corol- 
lary [3T4J the unique nonexpansive line £ is a rational line through the origin. With- 
out loss of generality, we can assume that I is vertical. 

We claim that any 77-coloring of [I, a] x [1, a] extends uniquely to an 77-coloring of 
[1, a] x Z. Assuming the claim, the restriction of 77 to any vertical strip of width a is 
vertically periodic of period at most P„(7~), where T is the smallest {uii, . . . , w n }- 
enveloped set containing [1, o] x [1, o], thereby completing the proof. 

To prove the claim, let 71 be a {w±, . . . , w n }-enveloped set that contains [1, ffl] x 
[1, a]. Choose a non- vertical edge w 1 £ £7(71) that contains at least N integer points 
(note that this is possible since diam.(o,i)(7!) > a). Let T2 be the w% extension of 
71 • As in the proof of Theorem |3.8[ any //-coloring of 71 extends uniquely to an 
77-coloring of 7~2- Continuing inductively, we define {wi, . . . , w„}-envelopcd sets 

71 cT 2 c ... 

and non- vertical edges u> J £ E(7~j) such that w- 7 contains at least N integer points 
and 75+1 is the w J -extension of Tj. Then any 77-coloring of the finite set 71 ex- 
tends uniquely to an 77-coloring of Too ■— UTj- Furthermore, %o is a convex, 
{u>i, . . . , u> n }-enveloped subset of [1, a] x Z which contains infinitely many integer 
points. Therefore Too is either the set [l,a] x Z or contains the set [l,o] x [6,00) 
for some b £ Z. In the former case, we are done. In the latter case, we proceed 
inductively, extending To to [1, a] x Z. Then any ?7-coloring of Too extends uniquely 
to the set constructed at each stage, once again completing the proof. □ 

Remark 3.10. We contrast this with a recent result of Hochman [llj . which shows 
that there are Z 2 -systems that have a unique nonexpansive 1-dimensional subspace 
but are not periodic. Theorem 1.4 only applies to the special case of those Z 2 - 



subshifts that arise as the orbit closure of a function satisfying the hypothesis of 
Nivat's Conjecture. 



4. A STRONGER BOUND ON COMPLEXITY 



In light of Thcorems |3.8| and |1.4| one strategy for proving Nivat's Conjecture is to 
show that if 77: Z 2 — > A satisfies P v (R n ,k) < nk for some n, k £ N, then ij does not 
have two linearly independent rigid directions. Un der the strengthened hypothesis 
that P v (Rn tk ) < 



nk 
2 



this is the content of Theorem 



1.2 



The additional control over 



r) obtained from the assumption P v (R n ,k) < comes in three guises: we obtain 



a special sort of 77-generating set (Lemma 4.1), we prove the existence of sets that 



contain many points in any rational direction (Lemma 4.7 and Proposition 4.8), 
and we obtain control on the periods in Section |5.3.2| 
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4.1. Strong generating sets. 

Lemma 4.1. Suppose r): Z — > A. is aperiodic and there exist n, k € N such that 
Prj{Rn.k) < 7 ~y ■ Then there exists an rj-generating set S C R n ,k such that 

(i) D n {S)<-^; 

(ii) For any w £ E(S), the discrepancy function satisfies 

D v (S\{w})>D v (S)+^-^^ 

(Hi) If T C S is convex and nonempty, then 

D V (T) > D V (S). 

We give a name to a set satisfying the conclusion of this lemma: 

Definition 4.2. If rj: Z 2 — > A is aperiodic and satisfies P, ; (i?n,fc) < ^ for some 
n, k € N, then an ^-generating set S C i?„ i / c is a strong rj- generating set if it satisfies 
conditions (JTTJ) , and ( |iii| ) of Lemma 4.1 



We note that the existence of such an ^-generating is the first use of the stronger 
hypothesis on the complexity. 

Proof of Lemma\4-1\ We construct the set S by an iterative process. By assump- 



tion we have D^Rn^) < —If^hl = — Let S\ C R n ^ be a convex set which 
is minimal (with respect to inclusion) among all convex subsets of R n ,k that have 
discrepancy at most D r) (R n j : )- Minimality of S± implies that Si is 77-generating. 

I R h I 15 1 

By construction, S\ satisfies D v (Si) < D v (R n ^) < — — ~ 2" ■ ^ f° r ever y 

w € E(Si), the discrepancy satisfies D v (Si \ {w}) > D v (Si) + ii£Q^i ; then the 
set S := S\ satisfies the conclusions and we are finished. 

Otherwise, suppose that we have inductively constructed a nested sequence of 
sets 

Rn,k 2 <5i D • • • D S m 

such that for i — 1, . . . , m: 

(i) Si is convex and nonempty; 

(ii) Si is 77-generating; 

(iii) Si satisfies D v {Si) < — ^r, 

(iv) Si is not the intersection of a line segment with Z 2 ; 

(v) There exists Wi E E(Si) such that D v (Si \ {u)i}) < D v (Si) 

\w m ns m \ 



[w»nSi| 



Choose w m e E(S rn ) such that D ri (S m \ {w rn }) < D v (S m ) + |t "" 1 ' 2 '°'" 1 . Since the 
left hand side of the inequality is an integer, 

D n (S m \{w m }) < D n (S m ) + — ^ — ■ 

Let S m +i C S m \{w m } be a convex set which is minimal (with respect to inclusion) 
among all convex subsets of S rn \ {w m } of discrepancy at most D ri (S m \ {w m }). 
Then |5 m+ i| < \S m \ - \w m D S m \, and so 

D v (S m+1 ) < D v (S m \ {w m }) < D n (S m ) + ' ? "' 



< — - 



\S„ 



2 

ns n 



< — - 



->m+l I 
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By minimality, <S m +i is ^-generating, and contains at least two elements (since its 
^-discrepancy is negative). Thus we have satisfied conditions (jTJ) , djjj, and ( piij ). 
If S m +i is the intersection of a line segment with Z 2 , then the Morse-Hedhmd 
Theorem implies that the restriction of 77 to any line parallel to <S m +i is periodic with 
period at most |<S m +i|. But then r\ is periodic, a contradiction, and so condition ( pv| 
is satisfied. If for every w € E(S m +i), 

D v (S m+1 \ {w}) > D v (S m+1 ) + 

then the set S := 5 m +i satisfies the conclusions of the lemma. Otherwise <S m +i 
satisfies all of the induction hypotheses and the construction continues. In both 
cases, condition Q is satisfied. 

Each Si is contained in R n ,k, so the construction terminates after finitely many 
steps. □ 

Lemma 4.3. Suppose rj: Z — >■ A is aperiodic and there exist n, k € N such that 
Pri{R n .k) < Let S be a strong rj-generating set. If w € E(S), then there are at 



most 
ofS. 



\wr\S\ 



distinct rj-colorings ofS\{w} that extend non-uniquely to rj-colorings 



Proof. The proof is identical to that of Lemma |2.7| with the stronger bound on 
P V (S) — PniS \ {w}) implied by assumption that S is strong generating. □ 

Lemma 4.4. Suppose rj: Z 2 — > A, S C Z 2 is a strong rj-generating set and there 
are antiparallel W\,vi2 € E(S). Suppose \w±\ < \W2\, H is a w\-half plane, and the 
restriction of f € Xs(rj) to H is (S,rj)- ambiguous. Then the (S \ {w±},wi) -border 
of H is periodic with period vector parallel to u)\ . Its period is at most > wnS > 



Proof. Again, the proof is identical to that of Lemma 2.18 with the stronger bound 
on P V (S) — P V (S \ {w}) implied by the assumption on S. □ 

4.2. Balanced sets. We define a notion that captures a convex set that has max- 
imal integer points on all lines parallel to its edges: 

Definition 4.5. Suppose that rj: 1? ^ A and S C Z 2 is finite and convex. Suppose 
I is an oriented rational line and let i(S) C E(S) U V(S) be the intersection of 
conv(5) with the support line to S parallel to I. We say that S is t-balanced for rj 
(or simply ^balanced) if all of the following conditions hold: 

(i) Every rational line parallel to I that has nonempty intersection with S 
contains at least \l(S) fl S\ — 1 integer points; 

(ii) The endpoints of £(S) D S are ^-generated by S; 

(iii) D v (S\{e(S)})>D v (S). 

Definition 4.6. For v £ Z 2 \{0}, a v-strip is a convex subset of Z 2 whose boundary 
contains precisely two edges, one of which is parallel to v and the other is antiparallel 
to v (we also include the degenerate case, calling the intersection of Z 2 with a line 
parallel to v, a w-strip). The v-width of a w-strip is the number of distinct lines 
parallel to v that have nonempty intersection with it (in the degenerate case, the 
width is 1). 

Showing the existence of an ^-balanced set for 77 is the second use of the stronger 
hypothesis on complexity. It is used in the proof of Theorem |1.5| in Section |5.2.4| 
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Lemma 4.7. If 17: Z 2 — > A and P v (R n ,k) < ^ for some n,k G N. then for any 
rational line I, there exists an (.-balanced set for rj. 

Proof. If £ is a vertical line (without loss of generality, assume it points downward), 
choose minimal k' < k such that P v (R n ,k') < 2 • Let w g E(R n _k>) be the 
edge parallel to By minimality, D v (R n: k> \ £) > D n {R n ^>)- Choose minimal S 
satisfying 

Rn,k' \ ^CcSC R n .k> 

for which D V (S) = D Tt (R n j i .i). By minimality of S, the endpoints of the support 
line of S parallel to £ are generated and S satisfies the definition of an ^-balanced 
set. The case where £ is horizontal is similar. 

If I is neither vertical nor horizontal, assume, by composing 77 if needed with 
the map (x,y) H> (y,x), that n> k. Let v = (vi,V2) S be the shortest integer 
vector parallel to I. Composing 77 with a map of the form (x,y) 1— > (±x, ±y), if 
necessary, we assume that i>i,i>2 < 0. Assume that vijv\ > k/n (the other case is 
similar) and choose u £ Z 2 such that £ + u passes through the 

• northeast corner of R n ,k if r>ijv\ > k/n; 

• southwest corner of R n ^k if Vijv\ < k/n. 

By choice of u, (£ + u) intersects both the top and bottom of the rectangle R ny k, so 
||conv(i?„,/j) n (£ + u)\\ — max ||conv(i? nj fc) n (£ + v)\\. 

Moreover, one of the endpoints of the line segment conv(i? n .fe) n (£ + u) is an integer 
point and so 

(1) \R n:k n {£ + u)\ = m&x\R n:k C\ (£ + v)\ . 

There is some i € N such that £ + u — (i,0) passes through the southwest corner 
of Rn k and, by symmetry, the number of integer points in R n> k to the left of 
£ + u — (j, 0) is the same as the number of integer points in R n .k to the right of £ + u 
(see Figure [3]). 



Figure 3. R ntk with £+u (solid line) and £+u—(i, 0) (dashed line) 
shown. The integer points in R Uj k are preserved under the rotation 
by 7r about the center of R n ,k- The two points marked on £ + u 
are the topmost and bottom most integer points of (£ + u) D R Ui k- 

Let Si C Rn,k be the (convex) set of all x £ R n ,k that are e ithe r on £ + u or 
to the left of it. Then |i?„ >fe \S t \ < \ \Rn, k \ and so by Corollary [Zd] D n (Si) < 0. 



Let a, b € Z 2 be the two extremal elements of Si n (£ + u) (the dotted points in 
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Figure [3]) . Let £2 C Si be minimal (with respect to inclusion) among all convex 
subsets of Si that contain a and b and have ^-discrepancy no larger than D v (Si). 
Then either S2 = Si <~) (£ + u) or 6>2 contains Si n (£ + u) and conv(<5>2) has positive 
area. The case that conv(S 2 ) has positive area is illustrated in Figure El 



Figure 4. All points in 6>2 except the endpoints of (£ + u)Pi R U} k 
are 77-generated, where £ points southwest and £2 is ^"-balanced. 

If the area of conv(<S2) is zero, let £3 C <S 2 be minimal among all convex subsets 
of 6>2 with ^-discrepancy at most D rj {S2). Then S3 is an ^-generating set contained 
entirely in £ + u and so 1S3 is ^-balanced. 

In the second case, by minimality of S2 and Lemma |2.1| any vertex of 6>2 other 
than a and b must be 77-generated by <S 2 - If £{$2) € V(S2), then ^(£2) is re- 
generated by 1S2 and so £2 is ^-balanced. Otherwise £{S2) € E{S2) and both 
of the extremal elements of ^(£2) are ?7-generated by 6>2- Then E{S2) has edges 
parallel and antiparallel to £ (the edge antiparallel to £ is the line segment (£ + u) n 
conv(-R n> fe)). By Equation 0, the number of integer points on the edge parallel to 
£ is no larger than the number of integer points on the edge antiparallel to £. By 
Lemma [278^ 6>2 is ^-balanced. □ 



Balanced sets show that ambiguity gives rise to periodicity. In the following 
proposition, the assumption of the existence of an ^-balanced set S is redundant 



(but convenient for the statement), as by applying Lemma 4.7 its existence follows 
directly from the assumption on complexity: 

Proposition 4.8. Suppose rj: 1? — > A and there exists n, k <G N such that P v (R n ,k) < 
^ . Suppose £ is a rigid direction for 77, S is an £-balanced set, and H is an £-half 
plane. Then: 

(i) Any f £ Xs(rj) whose restriction to H is (S ,77)- ambiguous is periodic with 

period vector parallel to £. 
(ii) If w € E(S) is parallel to £ and S — S \ {w}, then the (S 7 w)-border of 

H has period at most \w D S\ — 1 and the restriction of f to any £- strip of 

width diam w (S) has period at most 2 \w PI <S| — 2. 



Proof. Without loss of generality, we can assume (see Remark 2.4) that w points 
vertically downward and H = {(x,y) £ J?: x > 0}. Define S := S \ {w} and for 
all K e Z, set 

B K := Ux,y) £l?:K<x< K + diam w («S) } . 
By translating if necessary, we can assume that S C B . Let h := \w PI <S| — 1. 
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We claim that J\Bk ^ s periodic of period at most 2h for all K £ Z, which 
establishes the lemma. We prove this using induction in several steps. We start 
by setting up the base case of the induction via two cases, depending on f\Bw 
extending uniquely or not. 

4.2.1. Assuming J\Bk does not extend uniquely. If J\Bk does not extend uniquely 
to an (5, ^-coloring of Bk U Bk-i, we claim that /\Bk * s periodic with period at 
most h and /\Bk-i * s periodic of period at most 2h. 

To prove this, suppose K £ Z and the coloring of Bk given by /\Bk does not 
extend uniquely to an (S, ^-coloring of Bk U Bk+i- By Corollary 2.20 I\Bk * s 



vertically periodic of period at most h. For the set S, write S(i,j) for the translation 
S + and we use the analogous notation for S. Since S is ^-balanced and the 

two endpoints of w are 77-generated by S, the coloring of S given by f\S(—K,i) 
does not extend uniquely to an (S, r^-coloring of S for any i £ Z (otherwise we 
could use this information to deduce the coloring of Bk—i)- This means that 



{f\s(o,j)-- iez}| < P n (S) - P V (S) < h. 



Furthermore, the number of 77-colorings of S whose restriction to S is (iS, 5, 77)- 
ambiguous is at most 2h, since each ^-coloring of S extends to an 77-coloring of 
S, and the Prj{S) — P V {S) extra colorings of S all restrict to (S, S, ^-ambiguous 
colorings of S. 

By the Pigeonhole Principle, there exist 0<i<j<2h — 1 such that the 
77-colorings of S given by f\S(K,i) an d f\S(K,j) coincide. Recall that, since 
S is ^-balanced, any vertical lin e I that has nonempty intersection with S satis- 



fies 
h, f 



ins 



> h (Definition 



4.5). Since the vertical period of J\Bk * s a ^ mos t 
5(0, i + k) an d f\S(0,j + k) coincide for all k and since the endpoints of w 
are 77-generated by S, an easy induction argument shows that / \S(0, i + k) an d 
f\S(0,j + k) coincide for all k. Thus j — i < 2h is a period for f\B K U B K ~i an d 
the claim is proven. 

4.2.2. Assuming /\Bk extends uniquely. If /\Bk * s periodic and extends uniquely 
to an (<S, ^-coloring of Bk U Bk-i, we claim that J\Bk-i ^ s periodic with period 
dividing that of / \b k ■ 

To see this, suppose K £ Z. We already know that 

(i) ]\Bk * s vertically periodic with period p\ 

(ii) The coloring of Bk given by / \Bk extends uniquely to an 77-coloring of 
B K U{(K-l,y):yeZ}. 

We claim that HBk-i 1& vertically periodic of period dividing p. If not, define 
g : I? -)• A by 

f{x,y) iix>K: 
f(x,y+p) iix<K. 



Since / £ X$(r]), /\Bk ^ s periodic, and diam TO (i?if) = diam UJ ( l S), we are guaran- 
teed that g £ Xs(rj). Since the restriction of / to {{K— 1, y) : y £ Z} is not periodic 
of period dividing p, J\Bk = 9^Bk but their restrictions to Bk^{{K— 1, y): y G Z} 
do not agree, contradicting the fact that J\Bk na, d only one extension to an (<S, 77)- 
coloring of Bk-i- This completes the proof of the claim. 
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4.2.3. Periodicity of f \ B K for K < 0. We now start the main induction, carried out 
in three steps. Starting with the ambiguity of f\Hi we show that the proposition 
holds for the restriction of / to Z 2 \ H . We claim that f\Bjc * s vertically periodic 
of period at most 2h for all K < 0. Using induction to prove this claim, by 



Lemma 2.18, J\Bq is vertically periodic of period at most h. Suppose that K < 
and for i = 0, —1, . . . ,K, f\Bi is vertically periodic of period at most 2h. One 
of the hypotheses of the two claims in step applies to f\B K , arL d so f\Bjc—\ 1S 
periodic of period at most 2h. By induction, this holds for all K < 0. 

4.2.4. Periodicity of f\B K f or K > 0. To extend the result for K > 0, let Si 
be a set balanced in the direction antiparallel to I. Suppose that w £ E(Si) is 
antiparallel to £ and let Si :— Si\{w <~) Si}. Define 

B K := {(x,y) e Z 2 : K - diam^(«Si) + 1 < x < K) 

and assume, without loss of generality, that w C {(0,y): y £ Z}. Then, by the 
result of 



4.2.3 



f\7L 2 \H i s periodic and so f\B is vertically periodic. By an 
induction argument analogous that given in Stages and 1 (except now using iSi in 
place of S), f\B K is periodic for all K > 0, and its period is at most the maximum 
of (2 | to l~l S\ — 2)! (an upper bound for the period of f\B Q ) and 2 |u> D «Si | — 2. 
This implies that there is some constant C > such that for all K e Z, f\Bu ^ s 
vertically periodic of period at most C. This establishes the first conclusion of the 
proposition. 

4.2.5. Bounds on the period. To establish the second part of the proposition, we 
need an improvement on the bound of the vertical period of / \ b k when K > 0. 
For any Kq £ Z such that f\Bx ^ s vertically periodic of period at most 2h, the 



induction argument from 4.2.3 but with the base case changed from Bo to Bk ), 
shows that f\Bjc IS vertically periodic of period at most 2h, for all K < Kq. 

Therefore, it suffices to find a sequence < %\ < ii < ■■■ such that f\B is 

' ij 

vertically periodic with period at most 2h for all j € N. 

Assume instead that no such sequence exists. Then there exists I € N such that 
for all i> I, the coloring of Bq given by (T^* )/) \b is either vertically aperiodic 
or periodic of period larger than 2h. Since f\Bo is periodic of period at most 
2h, we have I > and {T^f)\B is vertically periodic of period at most 2h. 
We can further assume that / is minimal with this property. For i > I, the fact 



that f\Bi does not satisfy the conclusion of Corollary 2.20 (specifically the bounds 
on its period) implies that (T^ 1,0 ^ f)\B extends uniquely to an (S, ^-coloring of 
Bq U B—i. Since / is vertically periodic, there are only finitely many colorings of 
Bq that occur as (T^ K ^ f)\B i f° r K £ Z. Thus there exists a smallest integer 
J such that J > / and there is j > J satisfying (T ( - J ^f)\B Q = (T^°) f)\ b - 
Since {T < - J '°> f)\B extends uniquely to an 77-coloring of B U and since the 

functions (T^ 7,0 '/) \b u B_\ an d (T^'°'f) f_g y b_i are two such colorings, they 
must coincide. Then (T^" 1 ^ f)\ b q coincides with (T^ -1 ' )/) \b and so J = I 
(by minimality of J). Then f\B I = f\Bj = f\B- is periodic of period at most 2h. 
But f\Bj is either aperiodic or periodic of period greater than 2h, contradicting 
the definition of /. □ 

Corollary 4.9. Suppose n: Z 2 — > A and there exists n, k £ N such that P n (R n ,k) < 
Suppose £ is a rational line, S is an (-balanced set, w £ E(S) is parallel to £, 



24 



VAN CYR AND BRYNA KRA 



and B is an £-strip of width diam IU ( l S) — 1. If f G Xs(tj) and f\jj is periodic (with 
period vector parallel to £), then f is periodic with period vector parallel to £. 



Proof. We proceed as in the proof of the first part of Proposition 4.8 The assump- 



tion of the corollary replaces the base case (4.2.1 and 4.2.2 1 and the induction steps 
of l4~2~3l and l4~2~4l are identical. □ 

Lemma 4.10. Suppose rj:Z 2 A and there exist n, k G N such that P v (R n ,k) < 
^r. If the oriented rational line £ is a rigid direction for rj, then the direction 



antiparallel to £ is also rigid. In particular, 
edges parallel and antiparallel to i. 



any rj-generating set has boundary 



Proof. Let iS be an 77-generating set, w G E(S) be parallel to £, and without loss of 
generality, we can assume that £ points vertically downward. Let £ be the direction 
antiparallel to £ and suppose for contradiction that £ is not a rigid direction for 77. 



Set H := {(x,y) G 1? : x > 



0}. Since £ is a rigid direction, we can choose 
: f2\H but fx ^ / 2 . By Proposition 4.8 f\ and 



fuf2 G X s (r)) such that f x \jj 
fi are both vertically periodic. Since /i \jj = / 2 at most one of f\ and f 2 is 
doubly periodic. Without loss of generality, assume that f\ is not doubly periodic. 

Since £ is not rigid, there exist ai,<i2 € N and A € GL2CZ) such that £ is r\- 
shiftable with parameters (01,02, A). Then every 77-coloring of a vertical strip of 
width at least |ja 2 -A~ 1 (l, 0)|j extends uniquely to an 77-coloring of its ^-extension. In 
particular, the restriction of f± to any vertical strip of this width extends uniquely. 
The vertical periodicity of f\ implies that there are only finitely many such restric- 
tions, each of which extends uniquely to its ^-extension. So f\ is also horizontally 
periodic, a contradiction. □ 

Proposition 4.11. Suppose 77: Z 2 — » A is aperiodic and there exist n, k € N such 
thatP v (R n , k ) <?f.Th ere exists a strong rj- generating set S such that ifwE E{S) 
points in a rigid direction and £ is a rational line parallel to w having nonempty 

\wns\ 
2 



intersection with S, then \£C\S\ > 



1. 



Proof. Let S be minimal (with respect to inclusion) among strong 77-generating 
subset of R,,, fc. 



By Lemma 



4.10 



if it) € E{S) points in a rigid direction, then there 
exists w G E(S) antiparallel to w. By convexity of 5, any rational line parallel to 
w that has nonempty intersection with S satisfies 



\£nS\ > min{|Ti;nS| - 1, \wf)S\ - 1} 



If the right hand side of this inequality is at least two, then S satisfies the conclusion 
of the proposition and we are done. Otherwise, one of \w fl <S| and \w D S\ is exactly 
two. Without loss of generality, assume that |u>n<S| = 2. Suppose w n Z 2 = 



{(xi,yi), (x2,y 2 )}. Then by Lemma 2.3 



D 7l (S\{(x 1) y 1 )}) = D n (S) + l. 



By rigidity of w, the vertex (£2,2/2) is n °t ?7-generated by S \ {(xi,j/i)}. Thus 
D V {S \ {w}) < D n (S) + 1. On the other hand, \S \ {w}\ = \S\ - 2, and so D V (S \ 

W) < - 

contradiction. 



But then S \ {w} contains a strong 77-generating subset, a 

□ 
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4.3. Constructions with balanced sets. We make precise what it means for a 
coloring to be periodic on a region: 

Definition 4.12. Suppose that T C Z 2 is a convex set and there exists v £ Z 2 \{0} 
such that (T + v) C T. If / : T — > A is an 77-coloring of T, then / is periodic of 
period p £ 1? \ {0} if (T + p) C T and f(x)=f(x+0) for all feT. 

If w G E(T), u £ 1? \ {0} is the shortest integer vector parallel to u>, and 
(T + u) C 7", then / |"7~ is w- eventually periodic with period p £ N and gap g £ N if 
f\T + gu is periodic with period pu. 

Definition 4.13. If <S> C Z 2 is a finite convex set and u> € E(S), then a semi-infinite 
(S, w) -strip is a set of the form 

u + + Aw: A € N U {0}} or u + {S - Xv: A £ N U {0}} , 

where u £ Z 2 and v is the shortest integer vector parallel to w. 

Pictorially, a semi-infinite (S, u>)-strip is a half-strip whose boundary edges are 
parallel to edges of S (and not the other natural definition in which the boundary 
has two semi-infinite edges and one more edge connecting them). 

Proposition 4.14. Suppose 77: 1? — > A and there exist n,k £ N such that P v (R n ,k) < 
t^. Suppose I is a rational line, S is an l-balanced set, and w £ E(S) is parallel to 
£. IfT is a semi-infinite (S\{w}, w)-strip and f £ Xg(j]) is such that f\f does not 
extend uniquely to an n-coloring of the w-extension ofT, then f\j~ is w-eventually 
periodic with gap at most \w D <S| — 1 and period at most \w f~l S\ — 1. 

Moreover, if f £ Xs(i]) and f \f is eventually periodic of period at most 2 \ w D iS| — 
2, then any extension of f\j~ to an r/-coloring of the w-extension of T is also w- 
eventually periodic with the same gap and period at most 2 \ w n S\ — 2. 

Proof. The first statement follows immediately from Corollary |2.20| 

For the second, let S := S \ {w}. Without loss of generality, we can assume 
that w points vertically downward, the topmost element of w is (0,0), and f\f 
is (0, — l)-evcntually periodic with period p and gap g. Suppose further that the 
boundary edge of T parallel to w is {(0,y) £ 2?: y < 0}. (The case that the 
boundary edge of T parallel to w is unbounded from above, rather than below, is 
analogous.) 

Then f\f— (0,g) is periodic with period (0, —p). Let B be the (<S, w)-border of 
T — (0, g). There exists a £ Q and b £ N such that the w-extension of T is given 

by 

T U {(a;, y)£l?: -b<x,y< ax}. 
We proceed by induction. Let 

E>i := {(x, y) £ Z 2 : i < x < i + diam lu (5), y < ax}. 

By assumption / f _g Q _ (q, g) is vertically periodic with period at most 2 | w f~l S\ — 2. 

We claim that for all i < 0, if f\Bi — (0,g) i s vertically periodic of period at most 

2|wn<S| — 2, then f\B i _ i — (0,g) 1S a l so ■ To prove the claim, we consider two 
cases. 
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4.3.1. Unique extensions. First we show that if f\B^ — (0,g) is periodic of period 
p < 2 \w n S\ — 2 and there exists j < —g such that the 77-coloring of S given by 
(T^'fif) \§ extends uniquely to an ?7-coloring of S, then f\B i _ 1 IS periodic of period 
dividing p. 

To see this, recall that the vertical period off\g. _ (o, g) 1S P- Then f\S — (i,j + p) 

f\S-(i,j) and f\S - + 1 +p) = f\S-(i,j + l) f or all I G N such that 
I < ai — j. Since S is ^-balanced, the top most and bottom most elements of 
w are 77-generated by S. Thus f\s - (ij + I) = f\S - + I) for all such I In 
particular, u — (i,g) 1S vertically periodic with period dividing p. 

4.3.2. No unique extensions. Next we show that f there is no j < —g for which 
the 77-coloring of S given by (T^'^f) \§ extends uniquely to an 77-coloring of S, 
then f\jj i — (0,g) is periodic of period at most |t«n«S| — 1 and /r_g i _ 1 — (0,5) i s 
periodic of period at most 2 \ w n S\ — 2. 

To prove this, if f\Bi — (0,5) does not extend uniquely to an 77-coloring of the 
w-extension of — (0,g), then by Corollary 



2.20 



f\Bi - (0,5) is eventually 
periodic, and by our assumptions, we have that it is periodic with period at most 



w fl <S| — 1. As in the proof of Proposition 4.8 there are at most 2 \w fl <S| — 2 distinct 



77-colorings of S occurring as f\S— (i,y) f° r V ^ 9- By the Pigeonhole Principle, 
there exist j, k £ N with g<j<fc<(? + 2|wn<S| — 2 such that f\S— = 
f\S — U k)- Since S is ^-balanced, every vertical line that has nonempty intersec- 
tion with S intersects in at least \w fl S\ ~ 1 places. Since f\Bi — (0,g) ^ s periodic 
of period at most \w D <S| - 1, then f\$ _ y ) = - (i,y + j - k) for every 
V > 9- Arguing as in the previous case, f\Bi U J B i _ 1 — (0,g) I s periodic of period 
at most k - j < 2 \w n 5| - 2. 

This proves the claim, and the result follows by induction. □ 



Corollary 4.15. Under the conditions of Proposition 4-M\ tf S is aw l-balanced 



strong -q-generating set, then f \f is w-eventually periodic with gap at most \w PI <S| 
1 and period at most 



\wns\ 



Proof. This is identical to the proof of Proposition 4.14 with the stronger bound 



on Prj^S) — Prj(S \ {w}) implied by the fact that S is a strong ^-generating set. □ 

Corollary 4.16. Suppose 77: Z 2 A and there exist n, k £ N such that P n (R n ,k) < 
~. Let £ be a rational line, S an rj- generating set, and u £ Z 2 be the shortest 
integer vector parallel to I. Fix a finite set FcZ 2 and an i-strip B of width at 
least diamg(<S) — 1 that contains F. If there is some f £ 0{rf) such that for all 
A e Z the coloring (T Xu f)\p extends uniquely to an r\-coloring of B, then 77 is 
periodic. 

Proof. The condition on / guarantees that / \b is periodic with period vector par- 
allel to u. Since / £ 0(rj), there is a translation v £ Z 2 such that {T v n)\p = f\p 



and by uniqueness (T v rj)\B = f\B- By Corollary 4.9 T v rj is periodic with period 



vector parallel to u. Therefore 77 is also. □ 
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5. Proof of Theorem 11.5 



5.1. Starting the proof of Theorem |1.5| The proof of Theorem |1.5| is completed 
in this section via multiple steps; we include a short summary of what is covered at 
the beginning of each section. We proceed by contradiction, and the rough overall 
structure of the proof is as follows: assuming the existence of a counterexample, we 
produce other counterexamples with more structure (specifically with large regions 
on which they are periodic). With a sufficiently well structured counterexample, 
we fix a generating set and count colorings of it that occur on the boundary of 
the region of periodicity. We reach a contradiction by showing that a larger than 
possible number of distinct colorings occur. 

Throughout this section, we assume that r\ is a counterexample to Theorem |1. 5 [ 
meaning that r\ : Z 2 — > A has at least two linearly independent rigid directions and 
there exist n,k £N such that P v (R n ,k) < ^r- We remark that if r\ were periodic, it 
could have at most one rigid direction. Therefore we can assume that r\ is aperiodic. 

5.2. An aperiodic counterexample with doubly periodic regions. We use 

the existence of r\ to construct a € 0(r]) which is aperiodic, but the restriction of a 
to a large convex subset of Z 2 is doubly periodic. This is carried out in three steps, 
first sho wing t he existence of / G 0(rj) which is singly, but not doubly, periodic 



(Section 5.2.1) and then using / to show that there exists an aperiodic a <E 0{rf) 
that is doubly periodic on a large convex region (Sections 5.2.2 and 5.2.3). 



5.2.1. A periodic half plane. By Lemma |4.1[ there exists a strong ^-generating set 
S. Let £i be a rigid direction for 77. By Lemma 3.3 there is some W\ <E E(S) 
parallel to l\ . By Lemma |4.10| the direction antiparallel to i\ is also rigid and 
there is some W2 G E{S) antiparallel to t\. By convexity, S is either unbalanced 
or ^-balanced. Without loss of generality, 

(2) we assume that S is unbalanced 



and that (see Remark 2.4) w\ points vertically downward. 
Set S :— S \ {wi} and set 

Hi := {(x,y) eZ 2 : x>i}; 

A, := {(x, y) e Z 2 : i < x < i + diam Wl (J)} 

By Lemma 



3.2 



_ there exist f,g £ 0{rj) such that f\n 1 = g\H x but f\jj Q ^ g\H - 
At most one of J\Hq an d 9\Hq nas a horizontal period vector (in the sense of 
Definition 4.12). Thus we can assume that J\Hq is n °t horizontally periodic. By 
Proposition 4~8 / is vertically periodic, and for every i £ Z, f\Ai nas period at 
2 



most 2 \ w\ fl~5 



most 



[wiHgj 
2 



Moreover, by Lemma 4.4 the vertical period of f\A\ i s a t 



we can assume that 



|^in5| 



< 



f/'i 



(-151-2. 



bound on the vertical period of f\A- f° r i > 0, if 



By Proposition 4.11 

We also remark that, by the 
G C Hq is a convex set such that 
(H-I) (G+(l,0))cG; 

(H-II) G contains at least 2 \ wi n S\ — 2 points on the y-axis, 
then f\Q does not have a horizontal period vector in the sense of Definition 4.12 
We summarize the main features of this construction: 



(i) / e 0(77); 

(ii) / is vertically periodic; 
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(iii) f\Ai is vertically periodic of period at most \wi <~)S\ — 2; 

(iv) The restriction of / to an infinite convex set G C Hq that satisfies con- 
ditions (H-JTJ) and (H-|TT|) cannot be extended to a horizontally periodic 
^-coloring of Z 2 . 

5.2.2. Construction of a. Translating S if necessary, we may assume that (0,0) G 
w\ C {(0, y) : y € Z}. Using an inductive procedure, we define a function a G 0(rf) 
which is aperiodic but agrees with / on an infinite, convex subset of Z 2 (and is, 
therefore, vertically periodic on this subset). 



Base case: Let F\ := S and Go = (0,0). By Corollary 4.16 and aperiodicity 
of r), there exists yi G Z such that {T^ ' Vl ^ f)\p 1 docs not extend uniquely to an 
^-coloring of the strip 

B 1 := {(x, y) G Z 2 : < x < diam Wl (5)}. 



Let ai e C(?7) be such that aj.^ = (T^\f)\ Fv but ail^ ^ (T^' y ^f)\B r 
Let Gi be a maximal, _E(iS)-enveloped subset of B\ that contains F\ and is such 
that a 1 \ Gl = (T^f)\ Gl . 

Inductive step: Suppose that we have constructed sequences of convex, E(S)- 
enveloped, finite sets 

Go C F x C Gi C F 2 C G 2 C • • • C F % C G,, 



functions o^, . . . , € 0(n), and integers y\, - ■■ ,Vi such that for 1 < j < i: 

(i) (Fj hypothesis) Fj contains both Gj_i and [0, j — 1] x [— j + 1, j — 1]; 

(ii) (ctj hypothesis) Defining the strip Bj by 

Bj := {{x,y) G Z 2 : < x < diam M , 1 (Fj)}, 

then 

(a) aj\ Fj = (T(°^f)\ Fj ; 

(b) Mb^tC *)/)^.; 

(iii) (Gj hypothesis) Gj C i?j is a maximal set among all convex, E(S)- 
enveloped subsets of Bj such that 

(a) FjCGj; 

(b) aj\ G j = (T(°^f)\Gj- 

Let Fj+i C i?o be a finite, convex, _E(<S)-enveloped set containing both Gj and 



[0, j] x [ — j, j] . By Corollary 4.16 and aperiodicity of 77, there exists yj+\ G Z such 
that (T(°' Vj+1 ) f) \Fj + i does not extend uniquely to an 77-coloring of the strip 

Bj+i := {{x,y) € Z 2 : < x < diam Wl (F j+1 )}. 

Choose a j+1 G 0(77) such that oy+i = (T (0 '»+ 1 )) Lf j+1 , but ctj+i tflj +1 7^ 

(T(°'W+ 1 )/)tB j+r Let Gj+i C Bj + i be a maximal £'(5)-enveloped set containing 
Fj + i such that Oj+i tGj+i = (T(°'*+ 1 '/) tG-+r By induction these functions, sets, 
and integers are defined for all j. 

By vertical periodicity of /, we can assume that yj G [0, (2 \wi P\ S\ — 2)1) for all 
j G Z. By passing to a subsequence, we can assume that the sequence {yj}jeN is 
constant and, by replacing / with T^°' Vl ^ f if necessary, we can assume that this 
constant is zero. 
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By construction, for each j e N, E(Gj) has a downward oriented edge contained 
in the y-axis. Let (0, Zj) € 1? be the topmost element of this edge and let 

Gj ■= {(x,y-Zj): (x,y) € Gj}. 
Then (T^°' z ^aj) \q ■ = {T {0 - Zi) f) \g ■ and there is no -E(5)-enveloped convex subset 
of Bj that strictly contains Gj for which this is true (by maximality of Gj). By 
vertical periodicity of /, {T^ z ^ f : j e N} C {T (0 > m \f : < m < (2\ Wl nS\- 2)!}. 
Let z e [0, (2 \ Wl n5|-2)!) be such that T^\f = f for infinitely many j. By 
passing to a subsequence, we can assume this holds for all j. Define &j := T(°' z ^ctj 
and / := T(°> z \f. Then with this notation, &j\q. — f\Gj an d there is no E(S)- 

enveloped subset of Bj that strictly contains Gj for which this holds. 

Enumerate the vectors in E(S) as Ui, u 2 , . . . , u m where u\ — w\ and Uk+i = 
pred(ufe) for k = 1, . . . ,m — 1 (recall that OS is positively oriented and prcd(-) is 
the predecessor edge with this orientation). Let K e N be the index for which 
u K = w 2 (the edge of dS antiparallel to W\). Since Gj is _E(<S)-enveloped for all j, 
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define 

, / . , , _ J ||aj,fc|| if there is some a^j. G E(Gj) parallel to 
1 otherwise. 

Passing to a subsequence if necessary, we can assume that for each fixed k = 
1,2, ... ,m, the function h(-, k) is either constant or strictly increasing as a function 
of j. By construction, [0,j] x [— j,j] C Gj + i C H for all j. So \JjGj = H and 
there is at least one index 1 < k < K for which h(-, k) is unbounded. 

(3) Let 1 < fc m in < K be the least integer for which this holds. 

Define integers 1 < k\ < ■ ■ ■ < k s < k m - m to be the indices in this interval for which 
h(-,k) is eventually positive. Let Vi,...,v s € E(G\) be the edges for which Vi is 
parallel to Uk t - We emphasize that by construction, V\, . . . , v s G E(Gi) for all i > 1, 
meaning that not only does Gi have an edge parallel to v\ , , . . . , but these fixed 
line segments are edges of Gi . Set 

oo 

G u := [J Gj. 

3=1 

Then G w is convex and -E(5)-enveloped (see Figure [6]). Moreover E{G U) ) is com- 
prised of vi, . . . , v s , as well as {(0, y) € Z 2 : y < 0}, and a semi-infinite edge parallel 

to Ufc min - 




Figure 6. The set S is shaded, and the sets S C Gi C G 2 C 
■■■CG U are shown. 



By compactness, the sequence {<S,} je N bas an accumulation point. Let a £ 0{rj) 
be such a point. By passing to a subsequence, we can assume that for all 1 < j\ < j% 
we have a h \Q h = & h \c n - By construction, a \g uj = f\G u - In particular, afG u 
is vertically periodic (in the sense of Definition 4.12) and the restriction of a to 
any semi-infinite (S, wi)-strip in G u has period at most 2 \w\ n 5| — 2. Moreover, 
the restriction of a to the (S, Wi)-border of G w has period at most \wi n S\ — 2 



NONEXPANSIVE Z 2 -SUBDYNAMICS AND NIVAT'S CONJECTURE 



31 



(because / = T^'^f, the (<S, wi)-border of G w is a subset of A\, and this bound 



on the period was shown for f\A\ m Section 5.2.1) 



5.2.3. A second ambiguous direction for a. Next, we show that both semi-infinite 
edges in E{G lAl ) are 77-rigid. 



Let Ext Ufc . {GJ) denote the Ufc min -extension of G^ (recall Definition 2.15 ). Since 
the boundary edge of Ext Ufc {G u ) parallel to itfc min is semi-infinite, we have that 
Ext U( . {GJ)\Gu is equal to the intersection of Z 2 with the disjoint union of finitely 
many semi-infinite lines 1%, . . . , l ri parallel to Uk • We denote the subextensions 

by ' 

(4) G< 4 » -G 1J u(i 1 nz 2 )u---u(i,nz 2 ) 

for i = 1, . . . , r\. 

We now inductively define an increasing sequence of sets {Gi P}jgrj- Suppose 
we have constructed integers fj , . . . , r m € N and an increasing sequence of convex 
sets {G$}££" +rm such that for all j = 1, . . . ,m, the sets Gl ri+ "' +rj) are E{S)- 
enveloped and each has a semi-infinite edge parallel to Ufc min (the edge is not required 
to be the same for all of the sets). Then Ext Mfcmm {G { J 1+ "' +rm) ) \ G { j 1+ "' +rm) is 
nonempty and can be written as the intersection of Z 2 with the disjoint union 

of r m+ i semi-infinite lines l ri ^ hr m +ii • • • ' \-r m +i (f° r some r m+ i S N). For 

r\ + ■ ■ ■ + r m < i < ri + • • ■ + r m+ i define 

g« : = g u u {h n z 2 ) u • • • u {h n z 2 ). 

This defines a sequence of integers {r m } m£ N and sets {Gu }iew- 

Recall that for all j, Gj is i?(6>)-enveloped and the length of the boundary edge 
parallel to Uk mln increases monotonically in j (by ([3])). Thus for j sufficiently large, 
Ext Ufc (Gj) 7^ Gj. Moreover the depth of the extension Ext Mk {Gj) depends 
only on the slopes of the lines determined by the boundary edges of Gj (recall 
Definition 2.15). Therefore if dj is the depth of the extension Ext U( . {Gj), then 
dj is bounded (in j) and there is some d £ N such that dj = d for infinitely many 
j. We pass to a subsequence such that this holds for all j. 

Let l{j, k) be the intersection of Ext Ufc (Gj) and Ik- Then Ext Ufc (Gj) can be 
written as the disjoint union 

d 

GjU\_\l{j,k). 

fe=i 

By construction (recall the inductive hypotheses for Gj at the beginning of this 
subsection) /tExt„,. (Gj) 7^ a TExt Ufc (Gj)- Let 1 < a < d be the smallest inte- 
ger for which ctj \l{j 7 a) f\l{j, a) f° r infinitely many j. Passing to a subsequence, 
we can assume that for all j 6 N, ctj \J(j^ k) — f \l{j, k) f°r all 1 < k < a, but 
«itZ~(j» 7^ f\l{j,a)- Let 

(5) w 3 e E{S) be the edge parallel to Wfc min . 



By Corollary 3.7 there are never |u>3 D S\ — 1 consecutive integer points on Z(j, a) 
where ctj and / coincide (otherwise they would coincide everywhere on l(j,a) since 
S is Ty-generating) . In particular, there are never \1ju3 C\S\ — 1 consecutive integer 
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points on l a where a and / coincide. As a result, the restriction of a\Q^ does 
not extend uniquely to an r/-coloring of G^ . 

Moreover, since /, and hence /, is vertically periodic and afG£° = /fG£ a ~ 1 - ) 
but a\Q^ ^ f\G^\ a 1S n °t vertically periodic. Moreover, because the bound- 
ary edge of G^ ^ parallel to W3 is semi-infinite there is an ambiguous coloring 
of a u> 3 -half plane, obtained by passing to appropriate accumulation point s of 
{T- m - W3 a}% =1 and {T~ m w ^ /}~ =1 (viewing w 3 as a vector). Thus by Lemma ^2 



u> 3 is a rigid direction for r\ and by Lemma 4.10 there is an edge W4 £ E(S) 
antiparallel to W3. 

5.2.4. Construction of K . We show that there is an infinite, convex subset K of 
G u such that a \j{ is doubly periodic. The construction has four steps which are 
illustrated in Figure [7] 

Step 1: By Lemma [4. 7| there exists a unbalanced set Si. Let W3 £ E(Si) be the 
edg e para llel to w 3 and let Si :— Si \ {W3}. Recall the integer a £ N defined in Sec- 
tion 



5.2.3 



4.14 



is such that f\G < £~ 1) = a lG^~ 1) but f\G^ ^ "IG^- B V Lemma 
the (<Si, W3) -border of G*£ a ^ is u> 3 -eventually periodic. This is illustrated in Fig- 
ure ESI 

Step 2: Let B denote the (Si, u> 3 ) -border of gL° . Since / is vertically periodic 
and f\G^_ 1 ' > — a \Gtj 1 a \G^^ i s vertically periodic (in the sense of Def- 
inition 4.12| . Let p £ N be the minimal vertical period of a\Q^^ such that 



(T ( -°' p )a)\(T(°~P)G^~ 1) ) = "t(r( ^ p )GL a_1) )- Tnen tne restriction of a to any 
set of the form T(°~ mp ^B is eventually u> 3 -periodic, with the same eventual period 
and the same gap. This is illustrated in Figure [7B| 



Step 3: The set T^~^B is a semi-infinite (Si, W3) -strip (recall Definition |4.13[ ). 
Let Bi := Ext W3 (T^°~ p ^ B) be the w^-extension of B. Now inductively let B i+ i := 
Ext„j 3 (Bj) for i e N. Then there is some j £ N such that Bj contains all but 
finitely many elements of G£~ 1) \T( >- p )G£~ 1) . Since a \t(o,-p) jp> is eventually w 3 - 
periodic, Proposition 4.14 guarantees that & \Bj * s a ^ so eventually iu 3 -periodic with 
the same gap but possibly larger eventual period. This is illustrated in Figure [7C| 

Step 4'- Since ol\q^~ 1 ^ > is vertically periodic with period p, the restriction of a 
t0 Um=i T( ° : ~ mp) (' 8 j+i n G< £~ 1) ) is eventually w 3 -periodic. Hence there is some 
q £ N such that the restriction of a to (J„ =1 T (0 ~ mp) (B j+ i n G { £~ 1] ) is w 3 - 

periodic. Since Bj+i is a semi- infinite w 3 -strip and B j+ i n T^'^Bj+i ^ 0, there 
is an £(S)-enveloped, convex set K C (J~ =1 r(0,-mp) n G^- 1 )) whose 

boundary has semi-infinite edges parallel to w 3 and wi. The restriction of a to 
K is doubly periodic. Let K be the largest (with respect to inclusion) convex set 
containing K for which a\x is doubly periodic. By construction a\Q^> is not 
doubly periodic since it differs from the vertically periodic coloring /. Therefore K 
has a semi-infinite edge parallel to u> 3 . Since afG^ -1 *' = /tGL 0-1 ' was constructed 



such that it is not horizontally periodic (in the sense of Definition 4.12|, the set K 



has a semi-infinite edge parallel to Wi. This is illustrated in Figure 7D 



5.3. Bounds on the period of a. In this section, we show that we have strong 
bounds on the Wi- and u> 3 -periods of a first extending the region K to a larger 
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(A) The shaded set Si and the set (B) otcL" -1 ' * s vertically periodic. 

GL a_1) with its w 3 )-border. The Translations of B are shown and a is 

arrow indicates the region that is even- eventually periodic on each translated 

tually TO3-periodic. set. 




(C) The semi-infinite (Si, W3) -strip is 
eventually u^-periodic and so any r\- 
coloring of its W3-extension is also W3- 
periodic (possibly of larger period), by 
Proposition |4. 14] The arrows indicate 
the direction of eventual periodicity 
and the possibly different periods. 



(D) qCgL" -1 ' i s vertically periodic 
and so there is an infinite convex re- 
gion where a is doubly periodic. K is 
the largest convex set for which this 
holds. 



Figure 7. Construction of K 



region where a is singly (but not doubly) periodic (Section 5.3.1 1 and then produc- 



ing a generating set with particular properties that imply the bounds (Sections 5.3.2 
and 5.3.3 ). The existence of this type of generating set strongly relies on the bound 
of P v (n,k) < 
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5.3.1. Periodic extensions. We show that the region K on which a is doubly pe- 
riodic can be extended to a larger region on which a is singly, but not doubly, 
periodic. 

Let Kq := K. Since K has a semi-infinite edge parallel to u>3, F>xt W3 (K) ^ K 
and there exist semi-infinite lines i\, . . . ,if 1 parallel to such that 

h 

Ext W3 (K)\K= |_|(Z 2 n^). 
i=i 

For 1 < i < fx, set Ki := KU l\ U • • • U li. We continue inductively: having defined 
integers fx, . . . , fj and sets Kx, ■ ■ ■ , Kf x -\ \-f } such that if/H \-f 3 contains a semi- 
infinite boundary edge parallel to W3, there exist an integer fj+i and semi-infinite 
lines £f 1+ ... +fj+ x, . . . , £f 1+ ... + f j+1 such that 

/j+i 

Ext W3 (K h+ ... +fj ) \ K h+ ... +fj = □ (Z 2 n %+...+/,+*) 

1=1 



By the second claim of Proposition 4.14 the restriction of a to lJi=i Ki * s w 3 



periodic with period at most 2 \ w% fl 5| — 2. 

5.3.2. j4 i/im generating set. We use the assumption on complexity P ri (n, k) < ~ 
to show that we have a generating set with a small diameter (recall Definition 3.9). 

Let x m i n and x max denote the minimal and maximal rr-coordinates of elements 
of S. Let d :— [ a °" tx ~| min+1 j and let the left subset of S be defined by 

S L ■= {{x,y) e S : x min <x<d}. 



If > \ \S\ , then by Lemma 2.6 D v (Sl) < 0. Let 1S2 C <Sl be an 77-generating 
set. Otherwise -D,,(<S \ Sl) < 0. In this case, let S2 C (S \Sl) be an ^-generating 
set. In both cases, let u € EfJS?) be the edge parallel to w$ (which exists by rigidity 
of 1U3 and Lemma 3.3 ) and let v £ E(S2) be the edge parallel to Wx- By construction 

ra\ a- (c \ ^ rdiam„(5)" 
(6) diam^Sa) < 

We call the set £2 a thin generating set for r\. 

5.3.3. Bounding the periods of a\x- Using the generating set S2 and the construc- 
tion of a, we obtain strong bounds on periods of a\j(. 

Notation 5.1. There are two distinguished semi- infinite strips in K and we label 
them: 

• Let Tx denote the (S \ {w^}, W3)-border of K. 

• Let 72 denote the (S \ {wx}, Wi)-border of K. 

In the remainder of this section, we show: 
Claim 5.2. Maintaining notation as above, 
(i) The wi-period ofa\j{ is at most \ Wl ^ s \ j ■ 
(ii) The w^-period of a\ft is at most W3 P\S\ — 1. 
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By convexity, S is either W3- or unbalanced. We prove the claim by considering 
three cases separately. 

Case 1: Suppose S is u^-balanced. It is immediate that |u>3nZ 2 | < |w4flZ 2 |. 
By ([2]), S is also u^-balanced. In this case we show the claimed bound on the 
wi-period of a\x but prove (the stronger bound) that the u>3-period of a\x is at 

By maximality oi K, a \x is (S, W3 , ?7)-ambiguous. Since a \x is doubly periodic, 



most 



a is periodic. Thus by Corollary 4.15 a \jz is periodic with period vector parallel 



to W3 and period at most l*" 3 ^ 1 * 5 ! . By vertical periodicity of a\j{, there is some 

peN such that the colorings (T^ ' mp ^a) \f coincide for all m — 0, 1, 2 . . . 

Again by maximality of K, a \k is (5, w\ , ^)-ambiguous and so a \f 2 is vertically 



periodic with period at most 



[wiHgj 



-J . Then there is some 5 e N such that the 

colorings (T~ mg ' W3 a) \j[ coincide for all m = 0, 1, 2 . . . (here u>3 is understood as a 
vector rather than a line segment). 

Since 71 is a semi-infinite (S \ {^3}, u^-strip and T2 is a semi-infinite (S \ 
{wi}, u>i)-strip, there exist m\^mi G N such that 

P := (Ti - (0, roip)) n (75 - m 2 g • u 3 ) n z 2 

is the intersection of Z 2 with a parallelogram, with sides parallel to w\ and W3 and 
integer vertices. This is illustrated in Figure [8j 



Figure 8. The set S is the shaded convex set and K is the largest 
convex region shown. The set 71 — (0, mip) is the "diagonal" strip 
and 7~2 — mq ■ W3 is the "vertical" strip. The restriction of a to each 
of the strips is periodic in the direction determined by the strip and 
the period is at most half of the side length of the parallelogram. 

Since S is u^-balanced, if L is any line parallel to W3 that has nonempty inter- 
section with P, then 

\LDP\> \w 3 nS\ - 1. 
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Therefore, by the Fine-Wilf theorem [9] and the fact that at(7^ — mip) is w 3~ 
periodic of period at most L^DiliJ ambiguity), if L is any line parallel to u>3 
that has nonempty intersection with P then there is a unique .4-coloring of L n Z 2 



^f^J. Since 5 



that coincides with a on LO P and is periodic of period at most 

is also unbalanced, a similar result holds for lines parallel to w\: if L is any line 
parallel to w\ that has nonempty intersection with P then 



\wins\ 
i 



for 



\LDP\> \wiDS\ - 1. 

Therefore, since ot\(j~ 2 — rri2q ■ Wa) ^ s ^i-periodic of period at most 
such an L there is at most one .A-coloring of L n Z 2 that coincides with a on 
L n P and has period at most l^lD^l j L e ^ ^ be un j n of all lines parallel 

to u> 3 that have nonempty intersection with P and let C 2 be the union of all lines 
parallel to W\ that have nonempty intersection with P. Let j3 : C\ U C 2 — > A be the 
coloring just described. We claim that f3 extends uniquely to an ^-coloring of Z 2 
that is ui-periodic of period at most lH3l]£lJ anc \ i/; 3 -pcriodic of period at most 

iiiiapsij . Indeed, if L is any line parallel to wi that has nonempty intersection with 

Z 2 , then \L H {C\ U C 2 )\ > n <S| — 1 (since this is true for P and C\ is produced 
by translating P along the vector U3). The coloring nCi i s ^i-periodic (in the 

sense of Fine and Wilf) of period at most ii^i£!±lij , As above, the coloring extends 

uniquely. We set (3 : 1? — > A to be the coloring obtained by this procedure, and the 
u^-bound follows from w^-periodicity of /3 \f ± _ (0, m\p) an( i vertical periodicity. 
We claim that cx\k = P\Ki which establishes the claim for the first case. 

Notation 5.3. Let T3 denote the {S 2 \ { v }, w)-border of (J~% + m 2 q ■ u 3 ), where S 2 
is the thin generating set of Section 5.3.2| and v G E(S) is the edge parallel to wi. 

The uniqueness involved in the construction of j3 and the bounds established 
above on the periods of ol\{1\ — (0,mip)) ana a t(7^ — m 2 q ■ W3) imply that the 
restrictions a tc 1 y Q 2 — (3 \q 1 y c 2 ■ Let s € Z 2 be the shortest u>3-period of (3. Then 



(T°P)\ T = p\ T Since diam„(«S 2 ) < 



■AS) 



by (6), diam„(7^) < 



AS) 



Therefore (T3+S) C (T2+m 2 q-W3), and it follows that {T s a) \j~ 3 = ot\f 3 . Recall that 
by construction, S3 C Sl C S. Since we know that a\c 2 = fi\C 2 ) o\\&m W3 {S 2 ) < 
diam TO3 (C2); ®\(% — m 2 q ■ W3) i s w 3 -periodic (in the sense of Fine and Wilf); fi\c 2 
is u>3-periodic with period s; and S 2 is an ^-generating set, we can conclude that the 
coloring a\x can be determined from at((7^ — (0,mip)) D (T2 — m 2 q ■ W3)) an d ^ 
follows by induction that a\x = P\K- 

Case 2: Suppose S is unbalanced and for infinitely many mi, alj^ _ (Q ; mip) 
extends non-uniquely to its u>4-extension. For any such mi, by Corollary |4.15| 



"tTi 



\w 4 ns\ 
2 



(0, mip) i s periodic with period vector parallel to U4 and period at most 
The proof now proceeds as in Case 1, with U4 taking the role of W3. 



Case 3: Suppose S is tt>4-balanced and for all but finitely many mi, a\q^ — (0, mip) 
extends uniquely to its ^-extension. We have that aty 00 J{ i is periodic with 
period vector parallel to W3 and period at most 2 |u> 3 n S\ — 2, but is not vertically 
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periodic. Thus there is some semi-infinite (5, W4)-strip in USi K% t° which the 
restriction of a is unambiguous, as otherwise each of the finitely many ^-colorings 
arising as the restriction of a to such strips extend uniquely to their u>4-extension, 
forcing vertical periodicity. Let Ta be a semi-infinite (S \ {ui4})-strip in Ki 
to which the restriction of a is unambiguous. Without loss of generality, we can 
assume that for any p > 0, a\j~ 4 _ (0,p) extends uniquely to its unextension. By 
Corollary 4.15 a\j^ is eventually periodic with period vector parallel to u>4 and 

-J and gap at most \wi fl <S| — 1. Again by Corollary 



period at most 



|tu 4 n5| 
2 



4.15 



the 



restriction of a to the u^-extension of is eventually periodic with the same gap 
and period at most 2 l™ 4 ^ 15 ! j < |u;4 H <S| < \1ju3 fl S\ — 1. Inductively, we produce 
a sequence of sets 

r 4 = rl c Tl c • ■ ■ 

where Tl +1 is the ^-extension of TJ. Since a\J2 extends uniquely to its u>4- 
extension and since a is periodic with period at most \ws fl S\ — 1, the restriction 
of Tl is also W3-periodic with period dividing that of a \f^, for all i = 1, 2, . . . Since 
afif is doubly periodic and 



#n|j77 



is an infinite, convex set whose two semi-infinite edges are non-parallel, the restric- 
tion of a to any ( l S\{ , u>4}, W4)-strip is periodic with period vector parallel to W4 and 
period dividing the period of a \j~ 4 . Since a \f„ _j_ TO2 . q W3 is vertically periodic with 

\w±ns\ ' 
2 



period at most 



has W3-diameter at least diam u , 3 (P), and the W3-period 



of a\K is at most \w% n S\ — 1, a\j( is also vertically periodic of period at most 



|min5| 
2 



This completes the proof of Claim 5.2 



5.4. Completing the proof of Theorem |1.5[ We make use of the properties of 
a to obtain a contradiction. Specifically, we show that for a given 77-generating set 
S, there exists a convex subset S* C S for which there are more than 

P V (S) - P V (S*) 

?7-colorings of S* that extend non- uniquely to //-colorings of S. This leads to a 
contradiction, as if 

P ■■= {{T^ls-.ueZ 2 }; 
Q ■= {(T s V )\ S *:ueZ 2 }, 

then there is a natural surjective map R : P — ¥ Q by restriction. The number 
of elements of Q that have more than one preimage (equivalently, the number of 
colorings of S* that extend nonuniquely to colorings of S) is at most \P\ — \Q\ — 
P V (S) - P,(5*). 



5.4.1. Construction of the set S* . Given x £ Z, let l x — {(x,y) E Z 2 
denote the vertical line passing through x. For x £ Z such that £ x nS ^ 
denote the bottom-most \wi n S\ — 2 elements of £ x nS (recall that S is Wi-balanced 



y £ Z} 
. let A- 
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and so each such intersection contains at least \wi PI <S| — 1 integer points). Given 
d > 1, define 

d-i 

(?) B(d) := |J A^^), 

i=0 

where, as in Section f5.3.2[ x max denotes that maximal x-coordinate of any element 
of S. Let T(K) := {u £ Z 2 : S + u C A'} be the set of translations taking 5 to 
a subset of K. Choose minimal d > 1 such that for any u, v £ T(K), whenever 
a\B{d) + u = a \B{d) + v, wc have that a\g + u = a \S + v- Since a \K = P\K 
and /3 is doubly periodic, we can rephrase this condition as saying that d is minimal 
such that 

(8) every /3-coloring of B(d) extends uniquely to a /3-coloring of S. 

(Note that such an integer d exists because a\j{ is vertically periodic with period 

at most \ Wl ^ s \ < \wi n S\ — 2.) Let S* C S be the set obtained by removing 

the topmost element of £ x D S for all x. Note that S* is a convex, proper subset 
of S. Therefore B(d) C S* and D V (S*) > D V (S), by Property of Lemma |4T| 
As a result, there are at most |iS \ S* \ — 1 distinct ?/-colorings of S* that extend 
non-uniquely to 77-colorings of S. 

In the next two sections, we show that there are at least \S \ S* | = diarm^ (S) 
distinct ^-colorings of S* that extend non-uniquely to 77-colorings of S. The col- 
orings come from two s ources: we find d such 77-colorings that are of the form 
(T x (3)\s* (Section 5.4.3) and we find diam^ (S) — d additional 77-colorings that we 
show are not of the form (T x j3) \$* (Section 5.4.2). We finally remark that all of 
these colorings are a-colorings of S* that extend non-uniquely to a-colorings of S. 
This causes no problem since a £ O(r)), so every a-coloring of S* that extends 
non-uniquely to an a-coloring of S is also an 77-coloring that extends non-uniquely. 

5.4.2. Counting colorings along the Wi -boundary. In this section, we find 

(9) d := diam^j (5) — d. 

distinct a-colorings of S* that extend non-uniquely to a-colorings of S. We show 
that none of the these colorings are of the form (T x (3) \§* for x £l? , meaning that 
they are not also /3-colorings of S* . 

Setup. Translating the coordinate system if necessary, we can assume that the 
edge of conv(AT) parallel to w\ is {(0, y) £ Z 2 : y < 0} and that the intersection 
of the w^-extension of K with the line {(— l,y). y £ Z} is the semi-infinite line 
{(— 1, y) : y < yo} for some j/oGZ. Without loss of generality, assume that 

w x = {(-1, y) £ 1? : yo - K n S\ + 1 < y < y }. 



Let S* and B(d) be as in Section 5.4.1 



Let ci, . . . , c t : B{d) — > A be the set of all /3-colorings of B(d), and note that this 
set coincides with the 77-colorings of B(d) occurring in the set K. For i = 1, . . . ,t, 
let Ci : S* — > A denote the unique /3-coloring of S* whose restriction to B(d) is Q, 
and note that the uniqueness follows from Equivalently, this is the coloring 
(T u a) where u £ 1? is chosen such that S + u C K and a\Q^ _|_ ^ = Cj 

As in Section 



5.2.1 



let S Let 



(10) b£Z be the shortest w 3 -period vector for a \x- 
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Let 7i be the (S, u>i)-border of K, as in Notation 



5.1 



Then the colorings of 



7~2 given by ot\j~ 2 and (T a)\j~ 2 coincide. By maximality of K, the colorings of 
72 U {(— 1, y) : y < yo} given by a and T b a do not coincide. We begin by comparing 
the colorings £*[•{(-!, y): y < yQ j and (T b a) !"{(-!, y) : y < y }. 



a fjf is vertically periodic of period at most 



I »'i 



The line {(— l,y): y < yo} and behavior of a. By the first part of Claim 5.2 

mns\ I 
2 J- 



(11) Let (0, —p) be the shortest vertical period for (T b a) t{(— 1, y): y < y a }- 
Then p is a divisor of the smallest vertical period of a\j{. In particular, 

\wi ns\ 



(12) 



Claim 5.4. a 



P< 



\{(—l,y): y < yo} * s vertically periodic with period q 



< 



[wingj 

2 



To prove the claim, we first show that there are no integers < j\ , j% < p such 
that 

(T^- j ^a)\s = (T ( - --^ +b a )\ S . 
For contradiction, suppose not and without loss of generality suppose j% < We 
consider the case that ji < j% first and then consider ji = j 2 . 
Suppose ji < j2 and observe that 

(T(°'-Mat)\s = (T^--^ +b a)\s. 
Since b is a period vector for a 

(T(°'-*) a ) ^ = (T^-^a) \s- 

Since S is wi -balanced, every line parallel to W\ that has nonempty intersection 
with S intersects in at least \w\ C\S\ — 1 places. Since a\x is vertically periodic 
of period at most lHj£!*iJ < \ Wl n <S| — 2, this implies that j 2 — ji is a vertical 
period for 72 (the (S, w 1 )-border of K). By Claim 5.2 the minimal u^-period of 



( T (o,- 



a) \S 
a \T 2 



ct\x is smaller than the u^-width of 72, so j 2 — ji is a vertical period for ci\j<[. 
This contradicts minimality of p, and we conclude that j\ cannot be smaller than 

Suppose ji = j 2 . Then since <S is 77-generating and 

(T b a)\r 2 , 
we have that 

a\{(-l,y):y < y } = (^{(-1,?,): y < y a }- 
This contradicts maximality of K. We conclude that no such integers ji, j2 exist. 

Now, there are at most P V (S) — P V (S) distinct ^-colorings of S that extend 
non-uniquely to 77-colorings of S. Each of the colorings 

is such a coloring, by maximality of K and the fact that S is ^-generating. However, 
(13) {{T^-i)a)\ S : j € N} n {{T b+ ^a)\ S : j € N} = 0. 
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On the other hand, 

{(T<°'-''>a)rs: 3 e N} U {(T b +^a) \ S : j € N} 

< P„(S) - P,(5) + {(T<°'-J>a) tf: j G N} 

Since 

{(T 5 +(°-^a)f5: j e N}| > |{(T<°'-''>a) \g- 3 G ^} 
there are at most P V (S) — Pr/(S) < l Wl ^ 1lS l j elements of the set 

{(T M «)[ 5 :jeN}. 
at{(_i ; y) : ^ < y } is vertically periodic and by the above 



4.8 



By Proposition 
bound, 



(14) the minimal vertical period of af{(— 1, y): y < yo} 1S 1 — 



\wi<lS\ 



This establishes the claim. 

Using the bounds on p and q given by (12) and (14), we establish the following 
claim. 

Claim 5.5. There do not exist integers < i < d and y < such that 
(T(- l --y) a ^g* i s a fi-coloring of S* . 

We establish the claim by contradiction, and so choose i and y for which the 
claim fails. Then by definition of d — diam,^ (S) — d, we have that B(d) + (i, y) is a 
subset of K, and since a\x = @\Ki we 

have that {T^ l ^a)\B{d) 

is a /3-coloring 

of B(d). By definition of d, this extends uniquely to a /3-coloring of S* . Thus, 



( T (- 



-i,-y)+b 



a)\s*- 



Therefore, 
(15) 

By 



there is a set of \w\ D S\ — 1 consecutive integer points 
on the line {(— 1, y) : y < y } where a and T b a coincide. 



[wins] 

2 

\w 



and 



12 1, the vertical period of the coloring afjY—]^ y); y < y } is p < 

by (14) the vertical period of the coloring (T b a) t{(— 1, y): y < y } is < 

If p = q, then af{(-l,y): y < y a } = ( Tb a) t{(-l, y) : y < y }' contradicting 
maximality of X. Otherwise p ^ q, and since both are integers, p + q — gcd(p, g) < 
\u>i fl <S| — 2. By the Fine-Wilf Theorem [9] and (fl5|, we again have that 



«r{(-l,y): V < y } = (T b a) t{(-l, „) : „ < y }, 

again a contradiction. We conclude that no such < i < d and y < exist, 
establishing the claim. 

If there were some j = 0, . . . , d — 1 such that the restriction of a to the strip 
given by 

U(^ +(-£«)) 

is vertically periodic, then n would be vertically periodic by Corollary |4.9[ a contra- 
diction. On the other hand, by Corollary |4.9| the restriction of a to each such strip 
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is eventually vertically periodic, since a\K is- Therefore for all j — 0, . . . ,d — 1, 



there exists maximal Sj € Z such that 



(16) the restriction of a to (5 + (— j, s)) is vertically periodic. 

s— — oo 

Counting a-colorings of S* that extend non-uniquely. 

Claim 5.6. With the integers {sj}^~q as defined above, 

(i) the rj- colorings of S* given by ot\(£* _|_ (—^ s .)) are distinct for j — 1, ... , d; 
(mJ /or eac/i smc/i j, £/ie coloring of S* given by ct\(S* _|_ (_j ; s .)) extends non- 
uniquely to an a-coloring of S . 

We begin by establishing the first statement. Observe that (-B(d) — (j, 0)) C A". 
By maximality of Sj, the coloring (T^'~ s ^a) \B(d) is a /3-coloring of J3(d). There- 
fore there is some i = 1, . . . ,t such that (T^'~ S:i 'a) \B(d) — c i an d Ci is the unique 
^-coloring of S* whose restriction to B(d) is Cj. We claim that (T^'^'a) [5* ^ Ci. 
For each j > 0, the coloring (T(°' _J ) +b a:) \§ is a /3-coloring of S since a = f3 



By ( 13 ) , none of the colorings {(T^ ' ^a)^: j € N} are /3-colorings. By (14) and 



maximality of Sj, a|"{(_;[ jS ^ — y): y G N U {0}} is vertically periodic with period 
at most iHiD£lJ _ Since every vertical line that has nonempty intersection with S* 

intersects in at least \wi D S\ — 2 integer points, the restrictions of a and f3 to the 
set {(— 1, y) : y 6 Z 2 } n (S* + (—j, sj)) cannot coincide (otherwise by the Fine-Wilf 
Theorem they would coincide everywhere on the semi- infinite line). On the other 
hand, the restrictions of a and (3 to {(x, y) € Z 2 : x > 0} n (S* + (—j, Sj)) do coin- 
cide, since they agree on K and Sj was chosen such that the semi-infinite 5-strip 
below it was vertically periodic. Consequently, the rightmost vertical line where 
a \S* + (—j, Sj) differs from [3\$* + (_j ; s .) has x-coordinate x min — There- 
fore, for distinct 1 < j\ < ji < d, the 77-colorings of S* given by at(<S* -f (— j 1} s^)) 
and at(5* + (-j 2 ,s h )) are distinct. 



For the second statement, by ( 16 1 the restriction of a to the semi-infinite 5-strip 
given by 

Sj — 1 

U (< 5 +(-j») 

s— — oo 

is vertically periodic and Sj is the largest integer with this property. If the vertical 
period is p € N, then by periodicity, the ^-colorings of S* given by a\$* _|_ {—j, s-) 
and a\s* -|- (— j, s^- — p) coincide. But by maximality of Sj, the ^-colorings of S* 
given by the functions a|"iS + (—j fS A and a\s + (—j,Sj — p) are distinct, estab- 
lishing the claim. 

In total, we have counted di&m Wl (S* ) — d distinct //-colorings of S* that extend 
non-uniquely to 77-colorings of S. Moreover, for each such coloring, the coloring of 
S* was 

(17) not of the form (T s (3) \$* for any x € Z 2 , 

since there was a vertical line in S* where the coloring can be distinguished from 
the /3-coloring induced from its restriction to B(d). 
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5.4.3. Counting colorings along the w^-boundary. In this section we find d distinct 
a-colorings of S* that extend non-uniquely to a-colorings of S. Each of these 
colorings is of the form (T x f3) \g* for some x € Z 2 , and hence they are all distinct 
from those found in Section f5. 4.21 



Recall that 71, as defined in Notation 5.1 is the (iS \ {^3}, u^-border of K and 
that the restriction a\j^ is periodic with period vector parallel to W3. Fix d € Z 2 
such that the sets {{S \ {tu 3 }) + d + iw 3 : i = — 1, 0, 1} are subsets of 71, but none 
of the sets {S + d + iw 3 : i — —1, 0, 1} are. 

Let A,S e Z denote the minimal and maximal x-coordinates of elements of 
u>3, respectively. Enumerate the elements of S \ S* whose x-coordinates are be- 
tween A and B as z%, . . . , Zdiam roi (B-yt+i)> where the ^-coordinate of z i+ i is always 
larger than that of Zi. Since /? is ^-periodic with period at most |w3n5| — 1 



(by Claim 5.2) it follows that d < B — A + 1. Let ui, ■ ■ ■ ,Hd G Z 2 be the vec- 
tors Ui = z\ — Zi. Observe that (S* + d + ui) c 7i C K for i = l,...,d. For 
i = 1, . . . , g?, we claim that the ?7-colorings of S* given by _|_ ft. are dis- 

tinct. If not, suppose that the colorings given by a\$* + c?+ it diam ts*)-j and 

a \s* + d + Wdiam^s*)-^ coincide for some 1 < ii < h < d - Then < h - h < 

d — 1. By (|7|), B(d) is the intersection of Z 2 with the disjoint union of vertical 
line segments, each of which contains at least \wi fl S\ — 2 integer points. Since the 
vertical period of /? is at most \wi D S\ — 2, we have that the vector u j2 — u.^ must 
be a period vector for /3, and the x-componcnt of this vector is j% — j% < d—1. Thus 
any /3-coloring of S can be deduced from the /3-coloring of B(j2 — ji), contradicting 
the minimality of d. 

Finally, since a\x is vertically periodic, (S* + d + Ui) C K, and + ^ K, 

the 77-colorings of 5* given by a\(S* +d + u,) and a \(S* + d + u,_(o,p) coinc i dc 
(where P is the minimal vertical period of culif). The 77-colorings of S given by 
a \(S + d + m) and a \ (S + d + it(i-(o, P ))) cannot coincide, by maximality of K and 
Corollary |3.7| Therefore we obtain at least d distinct 77-colorings of S* that extend 



non-uniquely to 77-colorings of S that are of the form (T u j3) \g* for some u £ Z 2 . 

5.4.4. Total number of colorings. In Sections |5.4.2| and |5.4.3| we have described at 
least diam^j (S* ) distinct 77-colorings of S* that extend non-uniquely to 77-colorings 
of S. However, this produces more than P V (S) — P n (S*) < diam^S*) — 1 (since 
the discrepancy of S* is larger than that of iS) colorings of S* that extend non- 
uniquely to colorings of S, the desired contradiction. This completes the proof of 
Theorem O □ 
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